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Abstract

This paper develops a general framework for interpreting linear regression estimates
of contextual peer effects under random peer assignment. Rather than imposing the
strong assumption that peers influence individual outcomes solely and directly through
specific observed characteristics, the model considers social interaction with a given
peer or group as a treatment with an unknown and variable treatment effect. In this
setting, a wide variety of conventional peer effect regressions are informative and can
be interpreted as measuring treatment effect heterogeneity along researcher-selected
dimensions of interest. These regressions can also be used to predict the consequences
of counterfactual peer group assignments. The relevance of the framework and results
to empirical research is illustrated using an application to measuring classroom peer
effects in Project STAR.
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1 Introduction

Researchers investigating social influences on choices or outcomes often employ a

behavioral model associated with! Manski (1993) in which an individual’s outcome
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In Manski (1993), behavior responds to the conditional expectation of peer behavior and characteristics,
but in most subsequent empirical work it is taken to respond to their observed values. Blume et al. (2011, p.
891-892) discuss this distinction and some of its implications.



depends on outcomes (endogenous effects) and characteristics (contextual effects)
of others in some peer or reference group. Manski’s formulation has inspired the
development of methods for modeling endogenous effects and empirically distinguishing
them from both contextual effects and endogenous peer selection. These methods have
demanding data requirements, so applied researchers often estimate reduced form models
that contain only contextual effects. Despite their central role in empirical research, the
modeling of contextual effects has seen limited formal attention, resulting in a wide
variety of ad hoc model specifications whose causal interpretation is unclear.

To simplify, a representative? empirical study considers the regression model:
Yi = Xja1 + X2 + € (1)

where y; is an outcome, x; is a vector of individual characteristics, and X; is the
average characteristics of their peers. Peers are fellow members of some social group
like classmates or co-workers, and all individual-level variables are predetermined
characteristics like gender and family background rather than treatments that can be
directly assigned by a policy maker. The coefficient as is interpreted as the effect of x;
— any intervention that changes X; by AX changes y; by AXas — and the case for this
causal interpretation relies on some random mechanism that assigns peers. This model’s
simplicity is appealing but leaves important practical and conceptual issues to address.

The key practical issue is that researchers must choose which characteristics to
include and whether to add interaction terms or nonlinearities, in a setting with limited
data and high costs of model complexity. Should researchers aim to estimate complete
models with all potentially-relevant characteristics, or parsimonious models that only
include characteristics related to their research question?

The key conceptual issue is that the predetermined characteristics of peers cannot
be directly and individually manipulated by a policy maker. Changes to one peer
characteristic can only be implemented by moving specific individuals between groups,
which may induce changes in many other characteristics. For example, reducing the
number of boys in a classroom of fixed size requires replacing a specific boy with a
specific girl. These two students may differ in motivation, disruptive behavior, academic
ability, etc., as well as gender. As a result, the effect of a change to X; is not constant
and depends on how individuals are selected to implement the change. Given this
heterogeneity, what counterfactual policies can be evaluated using a research design

based on random peer assignment?

2The benchmark “linear in means” specification is used here for illustration; the issues discussed here also
apply to more flexible specifications that incorporate nonlinearities or interaction terms.



This paper develops an explicit potential outcomes framework to address these
questions. The underlying model is nonparametric, and takes social interaction with
a specific and potentially unique individual as the treatment of interest. The main
results emphasize the use of simple linear regression models to measure heterogeneity
of the associated treatment effect across identifiable sub-populations. For example, the
coefficient o in the linear in means model (1) can often be interpreted as the effect of
replacing a randomly selected peer from one sub-population with a randomly selected
peer from another sub-population. This interpretation holds under straightforward
and testable conditions, and does not require researchers to estimate complete models.
Richer regression models can be used to relax key assumptions, and to make additional
counterfactual inferences on the effect of replacing an individual’s entire peer group, or of
reallocating peer groups across the entire population. Throughout the paper, emphasis
is placed on using the simplest regression model that can answer a given research
question. An illustrative application to estimating classroom peer effects in Project
STAR (Bietenbeck, 2025) shows how the results provide guidance on specification and
variable choice, and facilitate the interpretation of results from different specifications

within a common conceptual framework and set of identifying assumptions.

1.1 Related literature

A traditional alternative to the potential outcomes framework is to interpret a model
like equation (1) as the complete reduced form of the structural production function for
outcomes, include as many potentially-relevant peer characteristics as the data allow,
and hope that there are no relevant omitted variables. The limitations of this method
for causal inference are well known, but are particularly acute in this setting. Every
characteristic that affects one’s own outcome also affects peer outcomes through the
endogenous effect. If the endogenous effect is nonzero, the set of potentially-relevant
peer characteristics in the reduced form is identical to the virtually unlimited set
of potentially-relevant own characteristics. Unfortunately, limited sample sizes and
exploitable variation in peer characteristics in the available data sets make it impractical
to estimate a plausibly complete reduced form model.

Most papers that apply a potential outcomes framework to contextual effects
address the measurement of treatment effects with interference/spillovers (Manski, 2013;
Aronow and Samii, 2017). In that literature, the peer group is predetermined and the
counterfactual of interest is an individual-level variable representing some treatment
assignment. This contrasts sharply with the setting considered in this paper, where

all individual-level variables are predetermined and the counterfactual of interest is an



assignment of individuals to different peer groups.

Three recent papers also consider peer assignment in a potential outcomes framework.
Li et al. (2019) and Basse et al. (2024) emphasize the complete model case (in the
language of this literature, Z; is a correctly specified exposure mapping for the social
network of individual i), though they have some results that relax this assumption.
Graham et al. (2025) do not assume model completeness and treat observed peer
characteristics as imperfect proxies for unobserved peer characteristics. The analysis in
this paper is complementary to theirs, but emphasizes variable selection, specification
choice, and what can be learned from simple parametric regression models. In addition,
I consider a richer characteristics space and model observed characteristics as a function
of unobserved heterogeneity rather than as orthogonal to it. These two modeling
approaches are substantively equivalent (each can be mapped to the other by redefining
variables), but the formulation here helps to separate practical specification questions
from assumptions about causal mechanisms.

Finally, this paper is among several that use estimated peer effect models to predict
the consequences of population-level peer group reallocations. Bhattacharya (2009) de-
velops algorithms to find optimal assignments from model estimates. A field experiment
by Carrell et al. (2013) shows a key limitation of this approach: peer effect estimates
from one cohort of students were used to construct presumably optimal allocations for
a later cohort, but the “optimal” allocation yielded poor results because it was off the
support of the original data and thus highly sensitive to misspecification. Graham et al.
(2025) also note that the large changes needed to reach an optimal group assignment
are typically infeasible and emphasize tools for predicting the marginal effect of smaller

and more feasible reallocations.

2 Classroom peer effects in Project STAR

The model and results are illustrated in a running example based on Bietenbeck (2025),
who uses data from the Project STAR class size experiment to estimate classroom
peer effects. This data set has been repeatedly used for this purpose because its
experimental design randomly assigned students to classrooms. Bietenbeck (2025)
estimates contextual effects for classmate motivation, while other studies use Project
STAR to estimate endogenous effects (Boozer and Cacciola, 2001; Graham, 2008; Rose,
2017) and contextual effects for classmate gender (Whitmore, 2005; Graham et al.,
2025), age (Cascio and Schanzenbach, 2007), economic disadvantage (Chetty et al.,
2011), lagged achievement (Sojourner, 2013), and grade repeating (Bietenbeck, 2019).



Collectively, these studies exhibit several issues raised in the introduction:

e Multiple researchers have measured contextual effects for the same outcomes in

the same data set, each using a different set of predetermined peer characteristics.

e These characteristics are correlated at the individual level, and are likely to be

correlated with other outcome-relevant unobserved/omitted characteristics.

e There is evidence of endogenous effects in the same outcomes and data set, implying

that the set of relevant peer characteristics in the reduced form is large.

e Random assignment produces too little variation in composition (Chetty et al.,

2011) to estimate models that are rich enough to be plausibly complete.

The running example will illustrate how these earlier studies can be interpreted within
the peers-as-treatments model, and the implications of different specification choices.
The analysis is based on Bietenbeck (2025) and its replication package (Bietenbeck,
2024). Following that paper’s methodological choices, reading and math test scores
are the main outcomes, the estimation sample is defined as students who have newly
entered in grade 2 or 3, the peer group is defined as returning students in the entry
grade classroom, and school-by-entry-grade fixed effects are included in all regressions
to account for non-random assignment to schools. Although Project STAR classes vary
in size, it will be expositionally convenient to assume that each class has exactly 16

students. Appendix A provides additional methodological details.

3 Model

This section develops the model, defining the general framework in Section 3.1, key

maintained assumptions in Section 3.2, and additional conditions in Section 3.3.

3.1 Framework and notation

The model features a population of heterogeneous individuals arbitrarily indexed by
ie€Z=1{1,2,...,I}. Each individual is characterized by an unobserved type 7; € T
and membership in some social group ¢; € G = {1,2,...,G}. The population as a
whole is fully characterized by the random matrices T € 7 and G € G/, in the sense
that all variables in the model are functions of (T, G).

The unobserved type has two essential features: it provides a complete description

of everything about the individual that is potentially relevant, and it is predetermined?

3As discussed in Section 1.1, this feature distinguishes this paper from the literature on treatment effects
with spillovers (Manski, 2013; Aronow and Samii, 2017).



in the sense that it cannot be modified by a policymaker. The type space T is defined
abstractly, but one can interpret 7; as representing a vector of characteristics.

Unlike unobserved types, group membership can be modified by a policymaker. Its
observed value is determined by a group assignment mechanism that is represented
by a discrete conditional PDF fgr : G! x 7T = [0,1] such that:

fg|T(G0,T0) = PI‘(G = G()‘T = To) (2)

All causal inferences in this paper relate to the consequences of counterfactual group

assignments or mechanisms. Given a group assignment G, group g has size:

1

ng=n(g,G)=> T(gi=g) (3)

=1

with support S,, € ZU {0}, and individual i’s peer group is:

Pi=p(i,G)={j#i:9; =9} (4)

and has size |p;| = ng, — 1.
Each individual experiences a scalar outcome of interest y; € R that depends on

both their own type and that of other group members:

(0 v (T,G)
Y=| ' | = : =Y(T,G) (5)

yr yr (T, G)

2

The model does not include a direct causal effect of peer outcomes (“endogenous effects
in the language of Manski 1993) but can be interpreted as the reduced form of such a
model. For ease of exposition, the outcome is a deterministic function of types and group
assignments. Appendix B.2 shows that post-assignment shocks can be accommodated.

For each individual i, we observe the outcome y;, the peer group g;, and a vector of

observed characteristics of interest x; = (x;1,...,%;x) € RE that depend on one’s
own type:
X1 x(71)
X=| : | = : = X(T) (6)
X7 x(77)

Like T, X is predetermined. The observed characteristics in X do not appear directly

in the outcome model (5) but x; could be a proxy, summary, or subset of the full set of



potentially relevant characteristics represented by 7;. This is a key feature of this model:

the observed characteristics in are not assumed to play any specific role in the “true”

causal model, but rather have been chosen by the researcher based on data availability
and their research question. The researcher’s choice of characteristics remains critical
because it determines which research questions can be addressed.

Given (X, G), peer characteristics for individual i are the multiset* {x;} nd

jepi @
peer average characteristics are the vector X; = (Z;1, ..., Zix) € R¥ where:

_ _ 1
X =X ({Xj}jepi) = o Z X;j (7)
P JEPi
For those who have no peers (p; = 0) or ng, = 1), X; can be left undefined or set to zero.

Example 1 (Classmate effects on test scores). Section 2 describes several papers that
estimate the effect of various classmate characteristics on test scores in Project STAR

data. Abstracting from methodological details, these studies fit in the framework:

y; = student 1’s test score

g; = classroom ID for student i

7; = all relevant characteristics of student 1

X; = researcher-selected characteristics of student 1

{Xj}jep- = researcher-selected characteristics of student i’s classmates
7

X; = average characteristics of student i’s classmates
where the characteristics in x; vary across studies but those represented by 1; do not.

3.2 Maintained assumptions

The basic assumptions defined in this section will be maintained throughout the analysis.

Assumption 1 (Outcome model). The outcome for individual i is:

w(T.G) =y (10 {73}, ) (®)

where y : T X M7 — R is an unknown function and My is the set of multisets on T

4A multiset is a set that can have repeated elements. Formally, it is a pair (S, m) where S is the underlying
set and m : S — N is a function giving the number of times each element of S appears. In the interest
of readability, ordinary set notation, terminology, and operators are used whenever their generalization to
multisets is straightforward.



Assumption 1 describes the complete outcome model at the individual level, which
depends on the full set of own characteristics (represented by 7;) and peer characteristics
(represented by {7; }gi:gj)‘ The complete model cannot be estimated directly since 7
is unobserved, but it will be used to describe causal inferences that are feasible with
observed data. The outcome model is nonparametric but imposes some restrictions: no
cross-group spillovers, anonymous/exchangeable within-group spillovers, and no direct
effects of group assignment itself. Direct effects of group assignment or a more general
social network can in principle be accommodated in this model, but would require

additional structure and assumptions that are beyond the scope of this paper.
Assumption 2 (Finite type space). The type space has finite size T = |T]|.

Assumption 2 limits mathematical complexity by allowing the use of elementary

probability theory. It also allows types to be represented as finite scalars:
T={1,2,...,T} (9)

by assigning an integer to each unique value of the original type space. The ordering of
types in (9) is arbitrary and need not convey ranking or similarity information, and the

number of types can be large to represent a rich underlying characteristics space.

Assumption 3 (Independent types). Each individual’s type is an independent draw

from a common type distribution:

1
Pr(T = To) = [ [ f+(:(To)) (10)
i=1

where fr: T —[0,1] is some unknown discrete PDF.

Assumption 3 is innocuous: the indexing of individuals is arbitrary, so independence
is supported by standard exchangeability arguments. This unconditional independence

does not imply conditional independence of types given (X, G).
Assumption 4 (Rank condition). E(d}d;) is full rank where d; = vec(1,x;, X;, X|X;).

Assumption 4 is the standard rank condition needed for identification of relevant

regression (best linear predictor) coefficients from the joint distribution of (y;, x;, X;).
Assumption 5 (Base type). The support of x; includes egy, a K-vector of zeros.

Assumption 5 is just a convenient normalization that simplifies some definitions.



Assumption 6 (Constant group size). Each peer group in G has exactly ng members:
Ng = Mo Vgeg (11)

where ng > 2 is an integer and I = ngG.

Assumption 6 is a standard assumption that simplifies exposition. Variable group
size is typically handled in applied work by parametric assumptions, but can be
accommodated nonparametrically in this setting by including group size as a condition-

ing/explanatory variable. See Appendix B.2 for details.

3.3 Additional conditions

The conditions defined in this section are not maintained as assumptions throughout

the paper, but will play a key role in specific results.

Definition 1 (Simple random assignment). The group assignment mechanism fg

satisfies simple random assignment (RA) if:
GLT (RA)
i.e., peer group assignment does not depend on one’s unobserved type or any other

predetermined characteristics.

Definition 2 (Stratified random assignment). The group assignment mechanism far

satisfies stratified random assignment (SA) based on observed characteristics if:
G 1 TX (SA)
i.e., peer group assignment may depend on one’s observed characteristics but does not

otherwise depend on one’s unobserved type.

Causal inference on changes to peer group assignments will typically require some
form of random group assignment. An important difference between these two forms of
random assignment is that simple random assignment does not constrain the researcher’s
choice of characteristics to include in x;. In contrast, stratified random assignment

requires x; to include all characteristics used in stratification.

Definition 3 (Peer separability). Given Assumption 1, outcomes are peer-separable

(PS) if the effect of replacing one peer with another does not depend on other peers:

Yy (a, {b’} U 7') —y(a,{bjUT)=y (a, {b’} U 7") —y (a, {b} U T’) (PS)

9



for any a,b,b/ € T and 7,7" € Mt such that |T| = |7/|.

Definition 4 (Own separability). Given Assumption 1, outcomes are own-separable

(OS) if the effect of changing peers does not depend on one’s own type:
y(a, ) —yla,7)=y(d,7) —y(d ) (0S)

for any a,a’ € T and 7,7 € M.

Outcomes that are neither own-separable nor peer-separable are non-separable.
Both forms of separability are properties of the complete outcome function, and do not
depend on the specific characteristics in x;. Separability simplifies the analysis but is

not required for identification.

Definition 5 (Discrete characteristics). The researcher has discrete characteristics
of interest (DC) if the support of x; is:

Sx = {eo,e1,...,ex} (DC)

where e;, € {0, 1}K is the unit vector of length K > 1 containing one in column k and

zero elsewhere; and its probability distribution® is fully described by:

pr = Pr(x; = eg) (for all k € 0,1,...,K)

pu=EBx)=| 1 - MK} (12)

The main identification results in Sections 5.2 through 5.4 take discrete characteris-
tics as given. Discrete characteristics facilitate the separation of causal inference and
functional form issues because all functions of discrete x; are linear and (ng,,X;) fully

describes any {x;} for discrete x;.

eps

In many applicajticr))ns, the characteristics of interest are naturally discrete. Continuous
characteristics can also be discretized when appropriate to the research question.
Identification does not depend on whether the discretization is coarse (small K) or fine
(large K), but there is a trade-off between model complexity (K) and precision in a
finite sample. A natural data-driven approach to discretizing a continuous characteristic
is to divide evenly by quantile (as in Example 2 below), with the number of levels
chosen to minimize out of sample forecast error (estimated by cross-validation) or some
information criterion. Tree-based approaches that vary both the number of levels and

their placement may also be useful. Discretization implies information loss, so functional

®Note that po =1 — Zle 1 is not included in the vector g but can be expressed as a function of it.

10



form assumptions may provide a better approximation to the researcher’s ideal model.
Section 5.5 develops a sieve-based framework for considering alternative approximations

including discrete, polynomial, and spline.

Example 2 (Classmate gender and motivation). Whitmore (2005) and Graham et al.
(2025) measure the effect of classmate gender (K = 1) which can be expressed as:

1 if student i is male
0 if student i is female

Bietenbeck (2025) measures the effect of classmate motivation, which is continuous but
can be discretized. Table 7 in Bietenbeck (2025) reports results for regressions in which

motivation is discretized by tercile (K = 2):

{ 10 } if low motivation (below 33rd percentile)
X; = { Til X2 ] = [ 0 1 } if high motivation (above 66th percentile) — (14)

{0 0} otherwise

Both of these choices satisfy (DC).

4 Defining social effects

Causal social effects can be defined in this setting by stating an explicit potential
outcome function and the counterfactual outcomes of interest. As discussed in Section 1.1,
characteristics are predetermined, so the applicable counterfactuals in this model relate

to the peer group assignment, and not to the characteristics of any specific individual.

Definition 6 (Potential outcomes). Given Assumption 1, individual i’s potential

outcome function is:
bi(®) =y (70 1)) (15)
where p is any subset of T\ {i}.

That is, the observed outcome for individual ¢ is y;(p;), and the counterfactual
outcome y;(p) is the outcome that would have occurred if ¢ had been assigned peer
group p. The multiset {7; }j cp SEIVes as an exposure mapping (Aronow and Samii, 2017;
Basse et al., 2024): a summary of the full social environment (T, G) that is sufficient
to determine potential outcomes for individual 7. The traditional model completeness
assumption imposes the more restrictive exposure mapping {X(Tj)}j ep-

11



Counterfactual peer group assignments can be described as the effect of changing a
single peer (peer effects), an entire peer group (group effects), or the peer group
assignment mechanism itself (reallocation effects). These effects can be averaged over
the population (average effects) or conditioned on the characteristics of the treated
individual (conditional effects). The rest of this section defines each of these effect

types in terms of the potential outcome function defined in (15).

4.1 Peer effects

Peer effects predict the effect of replacing a single peer with another peer who has

different observed characteristics.

Definition 7 (Average peer effect). Given Assumptions 1, 5, and 6, the average peer

effect of peers with characteristics xP € Sy is:
APE(xP)=F (yl({j} up) — yi({jl} U f))‘ x; =x', xj1 = eo) (16)

where P is a purely random draw of ng — 2 peers from T\ {4, j,j'}. When x; is discrete

(DC), the average peer effect of peers of observed type ¢ is:
APE@ = APE(eg) (17)

where APE(-) is as defined in equation (16).

The average peer effect is similar to the “average spillover effect” in Graham
et al. (2025). Although the definition looks complex, the concept is simple. Take a
representative (random) individual (7) with a random peer group ({j'}Up) that includes
a peer (') of the base observed type (xj = eg). Replace that peer with a random peer (j)
of observed type x? (x; = xP). The average peer effect APFE(xP) is the predicted change
in this individual’s outcome. The base type has APFEy = APE(ep) = 0 by construction,
and can be chosen for convenience without limiting the available comparisons.

Average peer effects are causal — the expected difference between two potential
outcomes — but do not generally represent the causal impact of the peer characteristic
itself. Instead, interaction with a specific individual is the treatment of interest, and
average peer effects describe how the associated treatment effect varies across researcher-
selected sub-populations. An analogy would be when a labour economist separately
estimates the elasticity of labour supply for workers with and without children. The
elasticity itself is causal, but its heterogeneity across the two sub-populations is not

necesssarily the causal effect of having children on labour supply.

12



Rather than averaging across all treated individuals, researchers may also be inter-

ested in how peer effects vary with the treated individual’s characteristics of interest.

Definition 8 (Conditional peer effect). Given Assumptions 1, 5, and 6, the condi-
tional peer effect of peers with characteristics xP € Sx on treated individuals with

characteristics X° € Sy is:
CPE(x°,xP)=F (yZ {jup) — v ({j’} U f))‘xi =xx; =x,xj = eo) (18)

where B is a purely random draw of ng — 2 peers from I\ {i,j,7'}. When x; is discrete
(DC), the conditional peer effect of peers of observed type ¢ on treated individuals of
observed type k 1is:

CPEy = CPE(eg, €y) (19)

where CPE(-,-) is as defined in equation (18).

Average and conditional peer effects are well-defined under the model’s maintained
assumptions without requiring additional conditions like random assignment, separa-
bility, or discrete characteristics. However, these additional conditions may play an

important role in identification and interpretation.

4.2 Group effects

Peer group effects predict the effect of replacing the entire peer group. This effect
differs from a simple aggregation of individual peer effects if outcomes are non-separable.
For example, a low-motivation classmate may be more disruptive if there are other
low-motivation students in the classroom, or classroom social dynamics may change
abruptly when boys outnumber girls (Hoxby and Weingarth, 2005).
Group effects can be different for every value in the support of {x; }j epi? denoted

by S{xj. This support can be large, but binning can be used for empirical tractability.

Definition 9 (Binned peer group variable). Given Assumption 6, let the binned peer

group variable z; € {0,1}” be defined by the binning scheme z(-):

Z, =% ({Xj}jepi> = éebﬂ ({Xj}jepi € S?x}> (20)

where (ng},S%X}, ... ,SJ{BX}> is a partition of Sgyy into B + 1 bins, and ey, is the unit
vector of length B containing one in column b and zero elsewhere. Bin b is a singleton

if ‘ng}‘ — 1 and pooled if ‘S?x}‘ > 1.

13



The binning scheme z(-) is chosen by the researcher to reflect their research question,
given the available variation in the data. As with discretization, the identification
results in Section 5 apply to any binning scheme but there is a trade-off between model
complexity and precision in a finite sample. The data-driven approaches to discretization

discussed in Section 3.2 can also be applied to binning.

Example 3 (A binned variable for classmate gender). A researcher interested in the
effect of having an unusually high proportion of male or female classmates may bin peer

groups into mized, female-dominated, and male-dominated (B = 2):

[0 0] 043 <x;<0.57
2 =2 ({xj}jepi) =11 0] ifxi <043 (21)
[0 1] ifx;>0.57
where X; is the male share among classmates. The specific cutoffs are roughly the 25th

and 75th percentiles of x; in the Project STAR data, and are chosen to reflect the

research question of the effect of a “male-dominated” or “female-dominated” peer group.
Group effects can be defined for every value in Syyy or for each bin.

Definition 10 (Average group effect). Given Assumptions 1 and 6, the average group

effect of a peer group with characteristics xP € Sy is:
AGE() = E (3:() - 5:(@ | x5 = %03 =0 forall j€3)  (22)

where p and q are purely random draws of ng — 1 peers from T \ {i}.

Given a binning scheme z(-), the average group effect of a bin b peer group is:
AGE, = B (1i(B) — (@ |2 ({x;}je) = €07 ({Xi}jeq) =) (23)

where p and q are purely random draws® of ng — 1 peers from T\ {i}.

With binning, the average group effect can be interpreted as the predicted change in
outcome from replacing the average (random) peer group from one bin with the average
peer group from another bin, where the bins are defined by the peer characteristics of

interest. Group effects are defined relative to a base bin whose group effect is AGEy = 0

®Note that AGE, and CGEy, are defined in terms of a purely random draw of peers, and thus imposes a
zi). Proposition 7 in Section 5.4 shows that AGE}, and

CGEy ), are only informative about peer group reallocations that preserve this conditional distribution. See
Section 5.4 for additional details.

particular conditional distribution for Pr ({xj }j p:

14



by construction, and the choice of base is without loss of generality: the average effect

of replacing a bin b peer group with a bin b peer group is AGEy — AGE},.

Definition 11 (Conditional group effects). Given Assumptions 1 and 6, the condi-
tional group effect of a peer group with characteristics xP € S¢xy on treated individuals

with characteristics x° € Sy 1s:

X = X07 {xj}jef, = Xpa

CGE(x%x") = E | yi(P) — vi(q) (24)

x; =eg forall j € q

where p and q are purely random draws of ng — 1 peers from T \ {i}.
Given discrete characteristics (DC) and a binning scheme z(-), the conditional group

effect of a bin b peer group on treated individuals of observed type k is:

CGEy, = E <yi(13) — (@)

xi = .7 ({X}iep) =02 ({X)jeq) =€) (25)
where p and q are purely random draws of ng — 1 peers from T \ {i}.

As with average and conditional peer effects, average and conditional group effects are
well-defined under the maintained assumptions of the model, though their identification
and interpretation may depend on additional conditions.

An important special case of binning is when the peer group variable is saturated,

Le., each value in Sgyy has its own bin.

Definition 12 (Saturated peer group variable). Given Assumption 6 and discrete

characteristics (DC), the saturated peer group variable z;-q 18:

S
z; =12° <{Xj}j6pi> = Zesﬂ (m(x;) = s) (26)
s=1

where m : Sg — {0,1,...,S} is a strict ordering on S such that m(eg) =0, and e is

the unit vector of length S = |Sx| — 1 containing one in column s and zero elsewhere.

Saturated peer group variables allow precise identification results with minimal
assumptions, but the support of X; is typically too large for Z;S to be a practical
explanatory variable. Empirical researchers may prefer a more parsimonious regression
model based on substantially fewer bins, or an approximation to the unrestricted model

using functional form restrictions (see Section 5.5 and Appendix B.3).

Example 4 (A saturated group variable for classmate gender). With classroom size

1 2

ng = 16, the male share X; of student i’s classroom has support Sx = {0, 15> 152+ -+ 1}

15



which has |Sx| = 16 elements. It fully describes the gender composition of student i’s

classmates and can be represented by the saturated variable:

[0 0 --- 0] % =00
[1 0 -~ 0] if)‘(i:i
Zf =z° <{Xj}jepi) = ) 15
[0 0 -« 1] ¥%x=10

This saturated variable is also a binned variable with B +1 = 16 bins.

4.3 Reallocation effects

Reallocation effects predict the effect of changing the entire social network, accounting
for the constraint that changes to one peer group imply offsetting changes to other
peer groups. For example, increasing the number of boys in one classroom requires a
corresponding reduction in the number of boys in other classrooms.

As with peer and group effects, the first step is to define the relevant counterfactual
scenario, which in this case is a (possibly stochastic) rule for assigning individuals
to groups. That counterfactual rule will be called a reallocation mechanism, and the

resulting assignment will be called a reallocation.

Definition 13 (Reallocation). A reallocation mechanism is a function Gg : T! x

! x0,1N = Gl A reallocation is a random vector:

glR(Ta Ga p)
Gr = GR(T,G,p) = ; (27)

g1r(T, G, p)

where Gg is a reallocation mechanism and p = (p1,p2,...) L T, G is a sequence of

independent U(0,1) random variables.

Reallocation mechanisms are deterministic functions, but can use a random num-
ber generator or similar device (represented by p). They can be based on observed

characteristics X = X(T), outcomes Y = Y (T, G), or other relevant information.

Example 5 (Reallocations by gender). Suppose for convenience there is a large popu-
lation of half boys and half girls allocated to classrooms of size ng = 16. Examples of

reallocation mechanisms in this setting include:
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o Fuenly-divided: randomly select 8 boys and 8 girls for each classroom.

e (/10 divided: randomly select 6 boys and 10 girls for half of the classrooms, and
randomly select 10 boys and 6 girls for the rest.

e Random: randomly select 16 students for each classroom.

e 60/40 random: randomly place students in the “60/40” sub-population with proba-
bility 0.6 for boys and 0.4 for girls, and place the rest in the “40/60” sub-population.

Then randomly assign students to classrooms within each sub-population.
o Single-gender: randomly assign students to all-boy and all-girl classrooms.

Appendiz A.1 defines Gr(-) functions to implement each mechanism.

Each reallocation mechanism implies a probability distribution over the counterfa-
cutal group assignment G and counterfactual outcomes Y (T, G R), SO the average

outcome can be compared across any two mechanisms.

Definition 14 (Reallocation effects). Given Assumptions 1, 5, and 6, the average

reallocation effect of the reallocation mechanism Gpg is:
ARE(Gr) = E (ui(p(i, Gr)) — 1:(p) (28)
and its conditional reallocation effect on treated individuals of observed type k is:
CREL(Gr) = E (y(pi. Gr) = ()| x: = e ) (29)

where G = Gr(T, G, p) and p is a purely random draw of ng — 1 peers from f;.

Reallocation effects are defined relative to a benchmark mechanism of simple random
assignment, but any two reallocation mechanisms Gg and G; can be compared by
calculating ARE(G1) — ARE(Gy) or CRE,(G1) — CREL(Gy).

5 Main results

This section demonstrates the relevant properties of the model. Section 5.1 establishes
some preliminary results, and the next three sections provide identification results for
peer effects (5.2), group effects (5.3), and reallocation effects (5.4) under the assumption

of discrete characteristics. Section 5.5 addresses continuous characteristics.
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5.1 Preliminaries

Proposition 1 below shows that simple causal effects are weighted averages of more

complex effects, with weights derived from the probability distribution of x;.

Proposition 1 (Aggregation). Given Assumptions 1-6 and discrete characteristics

(DC):

1. Awverage effects are a weighted average of conditional effects:

APE; =) xCPEy (30)
k=0
K
AGEy =Y 1xCGEj (31)
k=0
K
ARE(Gg) =) uxCRE(GR) (32)
k=0

where p = E(xz) = Pr(x; = ex) as defined earlier.

2. Binned group effects are a weighted average of saturated group effects:

AGE, = Z Z u, ( —w$(n)) CGEL, (33)
k=0 s=1
S
CGEg = Z (w5 () — wSH(w)) CGER, (34)
s=1

where CGE;ES is the conditional group effect for bin s of the saturated variable zf,

Yoxrespg M (X (xP),no — 1)1 (2% (xP) = e,) [ (2 (x") = e)
ZxPeS{x} M(x (xP),ng — 1, u)l(z (xP) = ep)

(35)

S

aQ

E
I

1s a weighting function, and:

K
MEnp)=—— Hk o U (36)

1s the probability of drawing the value nx from a multinomial distribution with n

trials and categorical probability vector w.
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3. Peer effects are a weighted average of saturated group effects:

APE; = kfjoiuk (wie(p) — wio(m)) CGER, (37)
CPE = 3~ (i) ) COE )

where:
W= Y MEE) .- 2w Ule)) —e)  (39)

XPEMx:|xP|=ng—2

s a weighting function and My is the set of all multisets on Sx.

Classmate gender under random assignment Weights for binned group effect

5
.57 o II‘
m s o al”

43 $ +.43
.05 [} =
N I N
T . T T T
2 4 2 4 6

o
L

o
Bin
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M(share,n,p)

Wap - W

Weight

=
a

T
8 1

T T T T
K 6 8 1 0 E

Classmate share boys Classmate share boys

Class size no = 16, Population share s = 5 Bin: share boys < 0.43 (b =1)

T
0

Figure 1: Weights for binned group effects, bin b = (< 43% boys). Weights are proportional
to random assignment probabilities, positive within the bin, and negative in the base bin.

Example 6 (Weights for binned group effects). Figure 1 shows the weights relating
group effects for the binned variable defined in FExample 3 to those for the saturated
variable defined in Example 4. The first graph shows the probability distribution of
classmate share boys X; under random assignment, i.e., the function M(-,n,u). The
second graph shows the weights wS(n) — wS (w) for bin b =1 (< 43% boys). As the
figure shows, each value in the bin receives a positive weight proportional to its probability

under random assignment, and each value in the base bin receives a negative weight.

Proposition 2 below restates a standard result that allows individual characteristics

to be added to or dropped from certain regressions.
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Proposition 2 (Implications of simple random assignment). Given Assumption 3,

simple random assignment (RA) implies:

L(yilei, xi) = L(yilci) + L(yi|%i) + constant (40)
L(yilei, z:) = L(yilci) + L(yi|z;) + constant (41)
for any vector ¢; = c(7;) of own characteristics.

Lemma 1 below shows that stratified random assignment produces the same condi-
tional expectation function (if not the same best linear predictor) as simple random

assignment. It will be used to prove identification under stratified random assignment.

Lemma 1 (Implications of stratified random assignment). Given Assumptions 1-6 and

discrete characteristics (DC), stratified random assignment (SA) implies:

E(yilx; =x°,%;, =x') = FE (yi(f))

x; = x%,X ({Xj}jef)> = Xp> (42)
where p is a purely random draw of (ng — 1) peers from T \ {i}.

Proposition 3 below shows that any peer-separable outcome function can be written

as a sum of latent variables, and peer effects as their conditional expectations.
Proposition 3 (Implications of separability). Given Assumptions 1-6, let PE : T2 x
{2,3,...} = R be defined:

PE(a,b,n) = M (43)

n—1
where b isn —1 copies of b, and let PE;j = PE(t;, 7j,n0). Then:

1. Peer separability (PS) implies that, for any p of size |p| = ng — 1:

vi(p) = > PEy (44)

Jjep

and conditional and average peer effects can be expressed as:

CPE(x’ x?) = E(PE;j|x; = x°,x; = x") — E(PEjj|x; =x°,x; =€)  (45)
APE(xP) = E(PE;|x; = x?) — E(PEjj|x; = eo) (46)

for all x°,xP € Sg.
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2. Peer separability (PS) and own separability (OS) imply that, for any p of size
lp| =ngp — 1:
vi(p) = Y (OF; + PE;) (47)
JEP
where OE; = PE(7;,1,n9) + ¢, PE; = PE(1,75,n0) — PE(1,1,n0) — ¢, and c is

an arbitrary constant. Conditional and average peer effects can be expressed as:
CPE(x°,x") = APE(xP) = E(PEj|x; =x") — E(PE;|x; = e) (48)

or all x°,xP € Sy.
[

The pair-specific latent variable PFE; ; is defined without assuming separability, and
describes individual i’s outcome if all peers were identical to peer j. Peer separability has
the additional implication that replacing peer 7 with new peer j' will change individual
i’s outcome by PE; j — PE; ;. Own separability allows this pairwise effect to be further
decomposed into an own effect OF; and peer effect PE): replacing peer j with new peer
j' will change 4’s outcome by PEj — PE;, and the difference OF; — OF}; is the difference
in outcomes between individuals ¢ and j if they had the same peers. This decomposition

is defined up to an additive constant that cancels out in such comparisons.

5.2 Identifying peer effects

Proposition 4 below shows identification of average and conditional peer effects under
the asssumptions of peer separability and (stratified) random assignment. The identifi-
cation results are constructive and suggest simple linear regression estimators whose

implementation is described in more detail in Appendix B.1.

Proposition 4 (Identification of peer effects). Given Assumptions 1-6 and discrete
characteristics (DC):

1. Simple random assignment (RA) and peer separability (PS) imply that peer effects

are identified from the joint distribution of (y;, X;, X;):

a1y

APE; = (49)
CPE,, = Bae + B3ke (50)
ng— 1
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where (ag, Bae, Bske) are coefficients from the best linear predictors:

L(yi|%i) = a0 + %00 (51)

L(yilxi, %i, x;%;) = fo + X1 + Xi B2 + X B3%] (52)

i.e., aqy 1s element £ of oy, Boy is element £ of Bo, Bske is the element in row k
and column € of Bs for all k > 0, and Bsge = 0 for all £.

2. Stratified random assignment (SA) and peer separability (PS) imply that peer
effects are identified from the joint distribution of (yi,Xi,X;):

K
APE, = Z s Bae + B3ie (53)
ng — 1
k=0
CPEL, Bae + B3ie (54)
ng — 1

where (Bag, Bske) are defined as in equation (52).

Returning to the issues raised in the introduction, result (49) shows what can be
learned from the simple linear in means model: under the two key assumptions of
peer separability and simple random assignment, this model can be used to estimate
average peer effects for any discrete characteristic(s). Proposition 2 also implies that own
characteristics can be included as in the canonical linear in means model (1), excluded
as in equation (51), or replaced with any vector of individual-level characteristics. These
results do not require the assumption of own separability, or that the regression model
is complete in the sense of including all outcome-relevant characteristics.

Two key assumptions each play a distinct role in this result. Simple random assign-
ment allows average effects to be recovered without including an interaction between
own and peer characteristics: any interaction effect averages out. Peer separability adds
linearity in average characteristics: outcomes are sums of pairwise latent variables and
their conditional expectations are linear in the discrete peer characteristics.

Adding own characteristics and an interaction term (52) allows the researcher to
assume stratified rather than simple random assignment (53) or to measure conditional
rather than average peer effects (50, 54). Stratified random assignment produces the
same conditional expectation function as simple random assignment (by Lemma 1),
but not the same best linear predictor since x; and X; are no longer independent. As a
result, average peer effects can only be recovered from regression model (52) which is

rich enough to recover the full CEF.
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Example 7 (Gender peer effects). Table 1 reports estimates of gender peer effects. Given
Assumptions 1-6, simple random assignment (RA) into classrooms of size ny = 16,
and peer separability (PS), results (49) and (50) in Proposition 4 can be applied to the
regression coefficients in (1) and (2) to predict that replacing a randomly-selected girl

with a random boy:
o reduces the average student’s reading score by

— |APE,| = ?g’—f% = 0.023 standard deviations (by column 1).

— |APEy| = (0.453x0.268)+(1)65gx(0,268+0.133) — 0.023 SD (by column 2).

e reduces the average girl’s reading score by |CPEy| = % = 0.018 SD.

e reduces the average boy’s reading score by |CPE;;| = 0'26186% = 0.027 SD.

Columns (5) and (6) have the same derivation and interpretation for math scores. The

other columns in Table 1 are discussed in Examples 10 and 11 of Section 5.3.

Reading score Math score
e NG R ) 6 (10 ®
Share male peers —0.342 —0.268 -0.224  —-0.532" —0.279 —0.303
(0.286) (0.372) (0.725)  (0.226) (0.338) (0.624)
Male x Share male peers —0.133 -0.142 —0.455 -0.453
(0.390) (0.390) (0.412) (0.411)
Share male peers < 0.43 -0.024  -0.066 0.090 0.012
(0.066) (0.109) (0.065) (0.100)
Share male peers > 0.57 -0.119*  -0.083 -0.045  0.021
(0.072) (0.110) (0.065) (0.100)
Sample size (# students) 2,185 2,185 2,185 2,185 2,196 2,196 2,196 2,196
# clusters 147 147 147 147 148 148 148 148
Average effect of a male peer:
All students (APE,) -0.023  -0.023 -0.035**  -0.035**
Girls (CPEy) -0.018 -0.019
Boys (CPE;) -0.027 -0.049***
p-value for test of:
own separability 0.733 0.271
peer separability 0.421 0.954

Table 1: Gender peer and group effects in Project STAR. Additional control variables include
own gender and a school/grade fixed effect. Cluster-robust standard errors in parentheses,
*=0.1," = 0.05,"* = 0.01. See Appendix A for additional details.

The results in Proposition 4 do not depend on the researcher’s choice of which
(discrete) characteristics to include in the model. An alternative choice of characteristics

is equally valid but addresses a different set of counterfactual questions.
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Example 8 (Motivation peer effects). Table 2 reports estimates of motivation peer
effects. Column (1) reports regression coefficients for the discrete motivation variable
defined in equation (14) of Example 2, and are comparable to results in Bietenbeck

(2025) Table 7. Given the assumptions from Example 7, the results in column (1) imply:

e replacing a random medium-motivation classmate with a random low-motivation
student reduces the average student’s reading score by |APE;| = M =0.028 SD.

e replacing a random medium-motivation classmate with a random high-motivation
student increases the average student’s reading score by |APFEy| = M =0.014
SD.

e replacing a random high-motivation classmate with a random low-motivation stu-
dent reduces the average student’s reading score by |[APE; — APEs| = w
0.043 SD.

Column (5) has the same derivation and interpretation for math scores. The other

columns in Table 2 are discussed in FExample 9 below.

Reading score Math score

(1) (2) 3) 4) (5) (6) (7) ®)
Share low-motivation (LM) peers  —0.426™ —0.540"" —0.523"* -0.396" —0.281 -0.320" -0.285  -0.292

(< 33rd percentile) (0.167) (0.136) (0.137) (0.219)  (0.189) (0.185) (0.187)  (0.269)
Share high-motivation (HM) peers 0.220 0.076
(> 66th percentile) (0.213) (0.283)
Share male peers -0.242 -0.144 -0.477  -0.482*
(0.276) (0.301) (0.229)  (0.271)
Share male LM peers -0.243 0.014
(0.345) (0.341)
Sample size (# students) 2,185 2,185 2,185 2,185 2,196 2,196 2,196 2,196
# clusters 147 147 147 147 148 148 148 148
Avg effect of an LM peer:
replacing MM peers -0.028** -0.019
replacing HM peers -0.043* -0.024
replacing MM /HM peers -0.036***  -0.036™** -0.036™** -0.021*  -0.022*  -0.022*
Avg effect of a male LM peer:
replacing male MM /HM peers -0.035"*  -0.043*** -0.019 -0.019
replacing female MM/HM peers -0.051"*  -0.052*** -0.051*  -0.051***
replacing female LM peers -0.016 -0.026 -0.032** -0.031
Avg effect of a female LM peer:
replacing male MM/HM peers -0.019 -0.017 0.013 0.013
replacing female MM/HM peers -0.035*  -0.026* -0.019 -0.019
replacing male LM peers 0.016 0.026 0.032** 0.031

Table 2: Motivation peer effects in Project STAR. Additional control variables include
own gender and a school/grade fixed effect. Cluster-robust standard errors in parentheses,
*=0.1," = 0.05,"* = 0.01. See Appendix A for additional details.
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The framework can accommodate multiple characteristics without requiring that

those characteristics constitute a complete causal model.

Example 9 (Classmate gender and motivation). Table 2 also reports estimated peer
effects for the combination of gender and motivation. Column (2) is similar to column
(1), but with motivation coded as a single binary variable for expositional convenience.
Column (3) adds peer gender, while column (4) adds the interaction of peer gender
and motiwation. Regressions (1), (2), and (4) directly fit into Proposition 4, while (3)
can be interpreted as a restricted version of (4). Columns (5) through (8) repeat the
analysis with math scores. Gender and motivation are not likely to be the only relevant
peer characteristics, so including both characteristics is not enough to make the model
complete. Instead, these richer models open up an additional set of comparisons.

The results for reading predict a smaller effect of replacing a random girl with
a random boy if both students have similar motivation levels, and a larger effect of
replacing a random medium/high-motivation student with a random low-motivation

student if both students are boys.

5.3 Identifying group effects

Proposition 5 below shows that group affects can be identified without requiring the
strong assumption of peer separability. As with Proposition 4, the identification results

are constructive and can in some cases imply very simple regression models.

Proposition 5 (Identification of group effects). Given Assumptions 1-6 and discrete
characteristics (DC):

1. Simple random assignment (RA) implies that binned group effects are identified

from the joint distribution of (y;, X, 2;):

AGEy =y (55)
CGEyp = dop + 031 (56)

where (Y11, O2p, 03kp) are coefficients from the best linear predictors:

L(yilzi) = o +zim (57)
L(yi|x;, 2i, Xiz;) = 60 + x;01 + 2,02 + x;032, (58)

i.e., Y1p 1S element b of 1, dop is element b of d2, d3xp is the element in row k and
column b of 83 for all k > 0, and d30, = 0 for all b.
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2. Stratified random assignment (SA) implies that saturated group effects are identified

from the joint distribution of (y;,Xi,X;):
CGEy, = Mg + A3is (59)
where (Aas, A\3ks) are coefficients from the best linear predictor:
L(yilxi 27, xi27) = X + xihi + 27 Ao + xiXaz] (60)

i.e., \gs 15 element s of Ao, Asks is the element in row k and column s of Az for

all k > 0, and A3ps = 0 for all s. Peer effects and binned group effects are also

identified:
K S
AGEy =Y g (w§ (1) — wS () (A2s + Asks) (61)
k=0 s=1
S
CGEw =Y (wh(p) — wS(m)) Mas + Aaks) (62)
s]:(l ;
APEr = e (why(p) — wly(w)) (Aas + Asks) (63)
k=0 s=1
S
CPEw =Y _ (wh(p) — wly(m)) (Aas + Asks) (64)

where w$(+) and wi)(-) are defined in Proposition 1.

As in Proposition 4, simple random assignment allows the researcher to recover
informative causal effects from a simple regression model. For example, result (55) in
Proposition 5 implies that average group effects can be recovered from regression model
(57) with a coarse binning scheme and no individual characteristics or interaction terms.

Such a model can be estimated with reasonable precision given limited data.

Example 10 (Group effects for classmate gender). Given Assumptions 1-6 and simple
random assignment (RA) into classrooms of size ng = 16, the results in column (3) of
Table 1 imply that:

e moving from the average mized classroom (43% to 57% boys) to the average female-
dominated classroom (< 43% boys) reduces the average student’s reading score by
|AGE:| = 0.024 SD.

e moving from the average mized classroom to the average male-dominated classroom
(> 57% boys) reduces the average student’s reading score by |AGEs| = 0.119 SD.
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The results in column (7) have the a similar interpretation for math scores.

Proposition 5 also shows general identification of both peer and group effects under
stratified random assignment. However, the saturated regression model (60) required
to recover these effects is likely to be impractical in most applications. A researcher
may choose to impose functional form assumptions as a feasible approximation to the
saturated model. Appendix B.3 discusses this alternative in more detail.

Since separability assumptions imply functional form restrictions but are not required
for identification, they are testable. Proposition 6 below describes two simple implications

that can be tested using linear regression coefficients.

Proposition 6 (Testable implications of separability). Given Assumptions 1-6, discrete

characteristics (DC), and stratified random assignment (SA):

1. Peer separability (PS) implies:
L(yilxi, Xi, xi%i, 2:) = L(yilxi, Xi, X;%;) (65)
2. Peer separability (PS) and own separability (OS) imply:
L(yilxi, %, Xi%;) = L(yilxi, X:) (66)

The implications in Proposition 6 hold for any (x;,z;) since separability is a property
of the outcome function y(-,-) and not of the researcher’s chosen explanatory variables

or binning scheme. These researcher choices do affect the power of the test.

Example 11 (Separability tests). Columns (4) and (8) in Table 1 implement the
peer separability test described in equation (65). The coefficients on the two binned
peer group variables are jointly insignificant, so we cannot reject peer separability. The
statistically insignificant interaction terms in columns (2) and (6) imply we cannot
reject own separability using the test described in equation (66). Both tests have low

power due to the sample size, so they provide only weak evidence in favor of separability.

5.4 Identifying reallocation effects

Proposition 7 below shows that reallocation effects can be derived from peer and/or

group effects.

Proposition 7 (Identification of reallocation effects). Let Gg be a reallocation mech-
anism such that Gp = Gr(T, G, p) satisfies Assumption 6 and stratified random
assignment (SA). Then given Assumptions 1-6 and discrete characteristics (DC):
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1. If (SL,...,SB) are singletons, and Pr(%;(X,Gr) € S) = 0, then:

K B
ARE(GR) =) ) urAzp(Gr)CGEg, (67)
k=0 b=1
B
CREy(Gr) = Y _ Azi(Gr)CGEp, (68)
b=1
where:
Azkb(GR) = Pr (Xi(X, GR(T, G, p)) S Sf—(\xz = ek> (69)

—Pr ()‘ci(f)) c sg)

2. Peer separability (PS) implies:

ARE(Gp) = kioiukmk@(e R)CPEg(ng — 1) (70)
CREy(Gg) = zzKlMM(G R)CPEgy(ng — 1) (71)

where:
Azg(Gr) = E (zu(X, Gr(T, G, p))|x; = ex) — i (72)

3. Peer separability (PS) and own separability (OS) imply:

ARE(GR) =0 (73)
K

CRE(GR) =Y AZi(Gr)APE(ng — 1) (74)
/=1

Identification of reallocation effects thus requires stratified random assignment for
both the observed group assignment G (so that Proposition 4 or 5 applies and peer/group
effects are identified) and the counterfactual reallocation G (so that Proposition 7
applies and reallocation effects can be derived from peer/group effects). Constructing
reallocation mechanisms that satisfy (SA) is straightforward: mechanisms based entirely
on X will work, as will mechanisms that use the observed G if it satisfies (SA). The
requirement that the counterfactual reallocation satisfies Assumption 6 is a support
condition: without further restrictions, outcomes cannot be predicted for reallocations

whose group size does not appear in the data.
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The details of Proposition 7 imply two additional practical constraints. First, average
peer/group effects are insufficient to evaluate any reallocation mechanism; estimates
of conditional effects are required. Second, in the absence of peer separability (PS),
reallocation effects can only be measured for reallocation mechanisms that place all of
their weight on singleton bins. With a moderate sample size, only a few values of Xx;
will be observed often enough under random assignment to estimate their conditional

group effects with reasonable precision.

Example 12 (Reallocation effects for classmate gender). Table 3 below shows estimated
reallocation effects for each of the reallocation mechanisms described in Example 5.
Details are available in Appendix A.1.

The first panel assumes peer separability (PS) and applies equations (70)—(72) to
columns (2) and (6) of Table 1. The results show monotonic reallocation effects: more
integrated classrooms produce better average outcomes because male peers have a stronger
negative effect on other boys than on girls.

The second panel applies equations (67)—(69) to binned group effect estimates that
do not assume separability. The evenly-divided reallocation effect is estimated using two
singleton bins ()’ci R 1—75,322- ~ 18—5) and one pooled bin (all other values), and produces
sitmilar predictions to the separable model. The 6/10 divided reallocation effect is es-
timated using four singleton bins and suggests an important difference from the first
panel: the cost of a classroom with many boys exceeds the benefit of a classroom with few.
This is broadly consistent with the group effect estimates in Table 1. No reallocation
effects are reported for the two mechanisms that have nonzero probability for all 16

values of X; because some values are not observed in the data.

5.5 Approximation and functional form

The identification results in Sections 5.2-5.4 use discretization and binning to abstract
from functional form restrictions. When this approach is adequate for the research
question, it provides simple regression models with clear interpretations that can be
estimated precisely from limited data. In other settings, continuity may be essential
to the research question. For example, a researcher may wish to estimate APFE(xP)
for specific values of some continuous and/or high-dimensional characteristic xP, or to
estimate marginal effects. For these research questions, the discretized model is only
an approximation to the continuous model of interest. Discretizing implies information
loss, so other approximation methods may use information more efficiently.

This section describes a sieve-based method that allows x; to be any K-vector
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Reading score Math score

Reallocation AT AZ;;  CRE, CRE; ARE CRE, CRE; ARE
Separable model:

Evenly-divided 0.033 —0.033 —0.009 0.013 0.002 —0.009 0.024*** 0.008

6/10 divided 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Random 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

60/40 random  —0.020 0.020 0.005 —0.008 —0.001 0.006 —0.015*** —0.005

Single-gender  —0.500 0.500 0.134 —0.200 —0.033 0.139 —0.367** —0.114
Binned model:

Evenly-divided 0.033 —0.033 —0.016 0.081 0.032 0.036 —0.023 0.006
6/10 divided 0.000 0.000 —0.007 —0.149** —-0.078" —0.070 —0.018 —0.044
Random 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
60/40 random  —0.020  0.020 — insufficient data —
Single-gender  —0.500 0.500 — insufficient data —

Table 3: Reallocation effects for classmate gender in Project STAR. Reallocation effects for
simple random assignment are reported for comparison and are always zero. Cluster-robust
p-values: * = 0.1, = 0.05, " = 0.01. See Appendix A.1 for additional calculation details.

while still exploiting the dimension-reducing implications of separability and random
assignment for measuring average peer effects. Sieve methods can also be useful in
measuring conditional and group effects; see Appendix B.3 for details.

Xi}jep, ) — om

unknown function of (ng — 1)K variables — to be expressed in terms of E (PE;;|x;),

By Proposition 3, peer separability allows the unrestricted E (yl

an unknown function of K variables.

(PS.RA) = E(y

Bbep, ) = O B (PE;Ix;) (75)

JEP;

The unrestricted E (PE;j |x;) can be approximated by a sieve (Hansen, 2014): a series
of flexible linear models whose complexity is increasing in the sample size. Average peer

effects can then be recovered by applying equation (46) in Proposition 3.

Definition 15 (Sieve approximation). Given Assumptions 1-6, a sieve approzimation

of order m to the function a : RX — R is a known function a,, : RK — R™ such that:
i (X) T ~ a(x7) (76)

for the unknown parameter vector Ty, = E (am (%) am(%:)) " E (am(x:) a(x;)).

As shown in Proposition 8 below, the linearity of the approximation in (76) carries

through the sum in (75), producing an approximation to the unrestricted CEF whose

30



coeflicients can be estimated by OLS and used to estimate average peer effects.

Proposition 8 (Sieve model for average peer effects). Given Assumptions 1-6 and peer
separability (PS), let an, be a sieve approzimation of order m to a(xP) = E (PE;j |x; = xP)
and let:

_ 1
x=(m,..., ) = E(@a;)  E(ay;) where a; = Z am(x;) (77)
ng — 1 jepi

Then simple random assignment (RA) implies:

E (yz {Xj}j6p1'> = Z a(xj) =~ a;T (78)
JEP;
APE(x?) = a(x*) — a(0) ~ <am("2 — ‘1””(0)> n (79)

where the approzimation errors in (78) and (79) are proportional to the approximation
error in (76).

Returning to the linear in means model (1) from the introduction, Proposition 8
allows that regression to be interpreted as measuring average peer effects for continuous
x; using the approximating function as(x) = (1,x). Other functional form assumptions
such as discretization can also be interpreted as sieve approximations with a different

choice of approximating function.

Example 13 (Three models of motivation peer effects). Table 4 reports coefficient

estimates from three sieve approzimations to a(x) = E (PE; j |x; = x):

az(x) = [ 1 x } (linear model)
az(x) = [ 1 I(x<ps3) I(x>pes) (discretized model)

ay(x) = [ 1 x (x—p33)l(x>ps33) (x—pes)*I(x> pes) } (2-knot spline)

where X is the continuous measure of motivation used in Bietenbeck (2025) and py is its
Nth percentile. The linear model is comparable to Bietenbeck (2025) Table 5 and can also
be interpreted as a spline with zero knots. The discretized model is similar to column (1)
of Table 2, but represents a discrete CEF in Table 2 and an approximation to a continuous
CEF here. 2-knot spline coefficients are reported as slopes (mwa, w9 + 73, T2 + 73 + 74) for
comparison, and are estimated by applying equation (77).

For comparison, Table 4 also reports approrimate predictions for the discrete coun-

terfactuals that are directly estimated in Table 2. The 2-knot spline implies similar
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predictions to the direct estimates, while the linear model predicts smaller effects.

Figure 2 shows the average peer effects function APE(-) for each model, derived

by applying equation (79) to the regression results, and Table 4 reports the associated

APE(xP)

marginal effects =55

. The 2-knot spline results suggest that the marginal impact of

a more motivated peer is high in the middle of the motivation distribution, and is low

or even negative in the tails. Motivation scores are self-reported, so scores in the tails

could be driven by nmon-classical measurement error, and only weakly related to actual

motiwation. This feature cannot be captured by the linear model.

Reading score

Math score

(1) (2) (3) (4) (5) (6)
Peer average motivation 0.082** 0.039
(0.024) (0.032)
Share low-motivation (LM) peers —0.433** —0.282
(< 33rd percentile) (0.171) (0.189)
Share high-motivation (HM) peers 0.221 0.077
(> 66th percentile) (0.218) (0.283)
Peer motivation, 2-knot linear spline:
Low-motivation peer 0.015 -0.012
(0.046) (0.047)
Medium-motivation peer 1.031* 0.769
(0.448) (0.515)
High-motivation peer -0.249 -0.224
(0.315) (0.434)
Sample size (# students) 2,185 2,185 2,185 2,196 2,196 2,196
# clusters 147 147 147 148 148 148
Avg effect of LM peers:
replacing MM peers -0.018**  -0.029** -0.030*** -0.009  -0.019 -0.018*
replacing HM peers -0.032**  -0.044** -0.039** -0.015  -0.024  -0.020
Marginal effect of more motivated peer:
replacing LM peers 0.005*** 0.001 0.003 -0.001
replacing MM peers 0.005*** 0.069** 0.003 0.051
replacing HM peers 0.005*** -0.017 0.003 -0.015
Model selection:
AIC statistic 5626.07  5623.97  5624.05 5663.50 5662.79 5663.83
Leave-one-out MSE 0.8933 0.8924 0.8928  0.8967  0.8963  0.8964
JMA weight 0.3760 0.6240  0.1336 0.8664

Table 4: Sieve model estimates of motivation peer effects in Project STAR. Additional control
variables include a school/grade fixed effect. Cluster-robust standard errors in parentheses,
*=0.1," = 0.05,"* = 0.01. See Appendix A.2 for additional details.

Although Proposition 8 facilitates the interpretation of ad hoc peer effects regressions,

a more systematic approach will have better econometric properties. Sieve models are
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typically estimated by selecting the approximating function a,,(-) from a family of basis
functions such as polynomials or splines that can reproduce an arbitrary smooth function
as m — oo, and selecting the order m using a data-driven procedure that increases in
the sample size. This procedure will consistently estimate the unrestricted model under
conditions described in Hansen (2014). The basis function family is usually chosen for
convenience and desired properties such as differentiability and tail behavior. The order
can be selected acccording to an information criterion or by cross-validation. Model
averaging is an alternative to model selection that is more efficient and less sensitive
to small performance variations across dissimilar models. Hansen (2014) discusses the

relative merits of different selection criteria and averaging procedures.

Example 14 (Model selection for classmate motivation). Table 4 reports two model
selection criteria: the Akaike Information Criterion (AIC) statistic and the mean squared
prediction error estimated by leave-one-out cross-validation. The 2-knot spline beats
the linear model by both criteria for reading and by cross-validation for math, while the
linear model is preferred by AIC for math. The discretized model performs best of all.

Table 4 also reports optimal jackknife model averaging (JMA) weights for the spline
models (Hansen and Racine, 2012; Hansen, 2014). 1-knot and 3-knot splines were also
considered but received zero weight; see Appendix A.2 for details. The thick line in
Figure 2 shows the JMA estimate of average peer effects, which preserves but smooths

out the nonlinear pattern shown in the 2-knot spline.

Reading score Math score
04 04

02 .02

o
T

-.024 -.024

APE(motivation), SD units

APE(motivation), SD units

~041 T T T T T ~041 T T T T T
2 A 0 1 2 2 El 0 1 2
Motivation, SD units Motivation, SD units

Figure 2: Average peer effects for peer motivation: linear model (purple), 3-category discretized
model (red), 2-knot linear spline (blue), and jackknife model average of linear splines (thick
black line). By construction, APE(0) = 0 in all models.
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6 Conclusion

This paper establishes a simple framework for thinking about contextual effects when
estimating a complete model is infeasible, clarifies common empirical procedures, and
suggests simple extensions to those procedures. Returning to the issues raised in the
introduction, the results here have several implications for empirical research.

The first implication is that simple specifications using categorical explanatory
variables can have a clear and robust causal interpretation. A minimal specification
that is linear in the peer group average of a a single binary characteristic (high/low
income, black/white, male/female, etc.) measures the difference in average peer effects
across the two categories under straightforward and testable assumptions. A researcher
can choose the characteristic(s) based on their research question, and researchers with
the same data but other research questions can choose other characteristics. In contrast,
a regression with many related peer characteristics is difficult to interpret without
imposing the implausible assumption that the regression model is complete.

The second implication is that specific extensions to this simple model allow the
researcher to address additional causal questions or relax some assumptions. Adding
an interaction term allows the researcher to estimate conditional peer effects and
reallocation effects, or to relax the assumption of simple random assignment. Binning can
be used to relax the assumption of peer separability and estimate group effects while still
maintaining a tractable regression model. Discretization or sieve approximations can be
used to handle continuous and/or high-dimensional characteristics while still exploiting
the dimension-reducing implications of peer separability and random assignment.

A third implication is that the randomization mechanism is important in ways
that are not often appreciated. For example, average peer effects describe the effect of
replacing a randomly selected peer from one category with a randomly selected peer
from another category. This effect does not in general correspond to the precise effect
of replacing any peer from one category with any peer from the other category. As a
result, not all potentially interesting reallocation effects can be identified.

Simple models and methods are central to empirical research, and are the focus of
this paper. However, the framework developed here provides avenues for further research
that develops or applies more novel econometric methods. For example, the ability to
analyze treatment effect heterogeneity along any dimension of interest opens up the risk
of unstructured regression fishing. Tools for systematically analyzing treatment effect
heterogeneity (Wager and Athey, 2018) can be adapted to this setting, and may be useful
in constructing robust data-driven predictors of peer and group effects. A second avenue

for further research is to investigate more complex social networks than the group-based
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structure considered here. Preliminary work in progress suggests that many results in
this paper extend to a general network structure. Other work in progress considers the
commonly used multiple-cohort research design (Hoxby, 2000), in which students are
assumed to be randomly assigned to entry/birth cohorts within non-randomly selected
schools. This feature substantially constrains the set of counterfactual comparisons that

can be made in the absence of strong restrictions on potential outcomes.
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Not-for-publication Appendix

A Application details

As described in Section 2 of the main text, the analysis of motivation peer effets is
adapted from Bietenbeck (2025) using the replication package provided by its author
(Bietenbeck, 2024). The analysis of gender peer effects uses the same sample, peer group
definition, and other methodological choices to facilitate comparison.

Bietenbeck makes the following methodological choices, which I take as given:

e The treated population is students who enter in grades 2 or 3.

e The peer group is returning students in the treated student’s entry-grade classroom.
e Nonrandom school selection is addressed by including school/grade fixed effects.

e Peer motivation is measured using the peer’s motivation score in the previous
grade, in standard deviation units. Treated students do not have previous-grade
motivation scores since they were not present in the previous grade. As a result,

the treated student’s own motivation is not included in any regression models.

A few additional modifications are made to simplify the analysis and fit it into this

paper’s framework:
e Peer characteristics other than motivation are dropped from the model.

— This allows for the coefficient on peer motivation to be interpreted as the

average peer effect associated with peer motivation.

e Class size and characteristics of the treated student (other than gender in some

regressions) are dropped from the model.

— This simplifies the model. As discussed in the main text, their inclusion or
exclusion does not affect identification since students are randomly assigned

to classrooms.

e Classroom size is taken to be ng = 16 when calculating average and conditional

peer effects. This is based on the median number of peers in the data.

Table 5 below shows that these modifications do not have a substantial effect on
the results. Column (1) is a direct replication of column (1) in Bietenbeck’s Table 5,
while column (3) is a direct replication of column (1) in Bietenbeck’s Table 7. Column
(2) replicates column (1) in Table 4 of this paper, while column (4) replicates column
(1) in Table 2 and column (5) replicates column (2) in Table 4. Columns (6)—(10) have

a similar interpretation for math scores.
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Reading score Math score

(1) (2) 3) 4) () (6) (7) (8) 9) (10)

Peer avg motivation 0.081**  0.082*** 0.036  0.039
(0.023)  (0.024) (0.032) (0.032)
Share with low motivation —0.429"*  —0.426"" —0.433" -0.222 -0.281  -0.282
(< 33rd percentile) (0.157) (0.167) (0.171) (0.174) (0.189) (0.189)
Share with high motivation 0.136 0.220 0.221 0.074  0.076  0.077
(> 66th percentile) (0.187) (0.213) (0.218) (0.295) (0.283) (0.283)
Additional controls:
School/grade fixed effect Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
Own gender Yes No Yes Yes No Yes No Yes Yes No
Other demographics Yes No Yes No No Yes No Yes No No
Class size Yes No Yes No No Yes No Yes No No
Peer achievement No No Yes No No No No Yes No No
Peer demographics No No Yes No No No No Yes No No
Sample size (# students) 2,185 2,185 2,185 2,185 2,185 2,196 2,196 2,196 2,196 2,196
# clusters 147 147 147 147 147 148 148 148 148 148

Table 5: Motivation peer effects in Project STAR, comparison of results with Bietenbeck
(2025). Cluster-robust standard errors in parentheses, * = 0.1,** = 0.05,*** = 0.01.

A.1 Reallocation effect details

This section provides additional calculation details for the reallocation effect results in
Sections 4.3 and 5.4

Example 15 below gives a specific G function that implements each reallocation
mechanism described in Example 5. Each function uses the random vector p to randomly
sort individuals and then sequentially fills classrooms from the sorted list(s) to produce

the desired properties.

Example 15 (Reallocation mechanisms). The reallocation mechanisms described in

Ezxample 5 can be implemented as follows:
e The evenly-divided mechanism can implemented by:
ceil (%) if ri1 < 8¢*

giR(X) p) = )
ceil (%?) if ri1 > 8g*

(ST ST s
where r;y] = 2]1.21 I(x; =x;)I(pj; < pi), g* = floor (mm(Zi_ngZ“l ! xl)), and

Tio = 2]1'21 I(rj1 > 8¢*)I(p; < ps). That is, we sort the boys and girls separately
based on p;, fill in group 1 with the first 8 boys and the first 8 girls from their
respective lists, etc. The realized X will not necessarily have an equal number of
boys and girls, so there may be one or two (G — g*) “spillover” classrooms that

are not evenly mized.
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e The 6/10 divided mechanism can implemented by:

et (1575 if 1 < (10 — 4x;)g*

min (g* + ceil (%) ,G) if ri > (10 — 4x;)g*

9ir(X, p) (81)

I
where r; = ZJI':1 I(x; =x;)1(p; < pi), and g* = floor (%). Classroom
G is a spillover classroom when Zle x; 45 not a multiple of 16.

e The random mechanism can implemented by:

gir(X. p) = ceil (1) (82)

where r; = 231:1 I(p; < pi).

e The 60/40 random mechanism can implemented by:
_ (i
9ir(X, p) = ceil < 16) (83)

where ;] = 2]1:1 rio(1=rj2)+1 (152 = 152) L(pj < pi) andrio =1 (pr4i < (0.4 4+ 0.2x;)).
Classroom g* = ceil (Zi[:l ri2/16> s a spillover classroom when Ei[:l 749 18 Not

a multiple of 16.

e The single-gender mechanism can implemented by:

gir(X. p) = ceil (1) (84)

where r; = 231'21 xi(1 —x5) +1(x; =x;)L(p; < p;). This mechanism will produce
one mized-gender spillover classroom when the number of boys is not a multiple
of 16.

Note that the spillover classroom(s) account for a negligible proportion of students as

the population increases.

Example 16 below shows how the net changes (Axz and/or Az) required to calculate

the reallocation effects in Table 3 are determined.

Example 16 (Reallocation effect calculations, part 1). The net changes defined in

equations (69) and (72) of Proposition 7 are calculated for each example as follows:

o In the evenly-divided mechanism, all girls have 8 male classmates out of 15, and
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all boys have 7 out of 15. Therefore:

Az = E(x;|x; =0) —
Az = E(Xi|x; = 1) —
2= | 1(ngx; ~7) H(noxims)]
Azor = 0 — M(7/15,15,0.5) ~ —0.196
Azgz = 1 — M(8/15,15,0.5) ~ 0.804
Az = 1— M(7/15,15,0.5) ~ 0.804
( )~

Azig =0— M(8/15,15,0.5) ~ —0.196

~ 8/15 — 0.5 ~ 0.033
~7/15— 0.5 ~ —0.033

(evenly-divided)

(evenly-divided bins)

(evenly-divided bin changes)

where M(-) is the multinomial/binomial probability defined in equation (35).

e In the 6/10 divided mechanism, 10/16 of girls have 6 male classmates out of 15,
6/16 of girls have 10 male classmates, 10/16 of boys have 9 male classmates, and

6/16 have 5 male classmates. Therefore:

_ 10 6 6
Azor = B(Xiba = 0) = & 36 % 35+ 75
10 9 6

A :E X ;= 1 —_ ~ —
11 (XZ|X’L ) H1 16 X 15 + —16

10
7z~ 05~ 0.0 (6/10 divided)
5
— —0.5~0.0
“ 15

z; = [ I(nox; =5) I(nox; =6) I(nex; =9) I(nox;~ 10)

Azgy =0 — M(5/15,15,0.5) ~ —0.092
Azgy = 10/16 — M(6/15,15,0.5) ~ 0.472
Azgs =0 — M(9/15,15,0.5) ~ —0.153
Azgy = 6/16 — M(10/15,15,0.5) ~ 0.283
Az = 06/16 — M(5/15,15,0.5) ~ 0.283
Aziy = 0— M(6/15,15,0.5) ~ —0.153
Azs =10/16 — M(9/15,15,0.5) ~ 0.472
Azy = 0— M(10/15,15,0.5) ~ —0.092

(6/10 divided bins)
(6/10 divided bin changes)

e In the random mechanism, X; and x; are independent, so E(X;|x;) = E(X;) = 1.
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Therefore:

Axgr = E(Xi|x; =0) —pu1 =05-05=0 (random)
Ay = BE(Rlx; =1) — 1 = 0.5 — 0.5 =0

z; = [ I(nox; = 0) IT(nex;~1) --- I(nox;~15) (random bins)
Az, =0 for all k,b (random bin changes)

e In the 60/40 random mechanism, X; and x; are independent conditional on class-

room type. Therefore:

E(x;|x; = 0) = E(x;|x; = 0, type = 60/40) Pr(type = 60/40|x; = 0) (85)
+ E(x;|x; = 0,type = 40/60) Pr(type = 40/60|x; = 0)
~ (0.6 x 0.4) + (0.4 x 0.6) ~ 0.48
E(xi|x; = 1) = E(x;|x; = 1, type = 60/40) Pr(type = 60/40|x; = 1) (86)
+ E(x;|x; = 1,type = 40/60) Pr(type = 40/60|x; = 1)
~ (0.6 x 0.6) + (0.4 x 0.4) ~ 0.52

which implies:

Az = E(Xi|x; =0) — p1 = 0.48 — 0.5 =~ —0.02 (60/40 random)
Az = E(Xi|lx; =1) — pp = 0.52 — 0.5 ~ 0.02

z; = | T(nox; =0) T(nox;~1) --- T(noX; ~15) ] (60/40 random bins)
Az, >0 for all k,b (60/40 random bin changes)

e In the single-gender mechanism, X; ~ x; for all i. Therefore:

Azgr = E(Xi|x; =0) —pu1 =~ 0—-05~ —0.5 (single-gender)
Az = E(}ZZ"X»L‘ = 1) - ~1-05=0.5

z; = | [(noX; =~0) I(nox; ~ 15) (single-gender bins)
Azpr =1— M(0/15,15,0.5) ~ 1 (single-gender bin changes)
Azgs = 0 — M(15/15,15,0.5) ~ 0
Az = 0 — M(0/15,15,0.5) ~ 0
Azs =1— M(15/15,15,0.5) ~ 1
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Note that these calculations are approzimations that ignore the “spillover” classroom(s).
The approzimation error will be negligible as long as the classroom size is small relative

to the population.
Example 17 below shows the calculated reallocation effects.

Example 17 (Reallocation effect calculations, part 2). Assuming peer separability, the
results in columns (2) and (6) of Table 1 imply that:

CPEpi(no — 1) = —0.268 (reading)
CPEyi(ng — 1) = —0.268 + (—0.133) = —0.401
CPEpi(no — 1) = —0.279 (math)
CPE11(ng—1) = —0.279 + (—0.455) = —0.734

Proposition 7 implies implies that:

CRE() = A.T()lCPE()l (n() - 1) (by (71))
CREl = A$110PE11(’I’L() — 1) (by (71))
ARE = 0.5CREy + 0.5CRE; (by (70))

The estimated reallocation effects in the first panel of Table 3 can then be calculated by
substituting in the Ax values calculated in Fxample 16.

The estimated reallocation effects in the second panel of Table 3 can be calculated by
estimating the binned model corresponding to each reallocation, looking up the Az values
calculated in Example 16, and applying equations (67) and (68) from Proposition 7. No
estimates are available for the 60/40 random and single-gender reallocations because

they place nonzero weight on bins that are not present in the data.

A.2 Sieve estimate details

For expositional convenience, the sieve results reported in Section 5.5 omit several

calculation details that can be explained more fully here:

1. Table 4 reports linear spline results for zero-knot (linear) and 2-knot cases only.
Table 6 below reports results for these cases along with the 1-knot and 3-knot
cases. As the table shows, the 1-knot and 3-knot models are not selected by either

criterion and receive zero JMA weights for both reading and math.

2. The average peer effects in Figure 2 are calculated by applying equation (79) in

43



Proposition 8:

Xp
APE(xP) ~ =12 (linear model)
no — 1
(
% if xP < ps3
APE(xP)~ <0 if p3g < xP < pes (discretized model)
% if xP > pgg
7"%2”’?3”3 if xP < p33
no—
APE(x?) m ( Xt if p33 < xP < peg (2-knot spline)
xP(mo+m3+ma)—peema
\ 2 Wgo_i; 6674 lf xP > D66

3. The marginal effects in Table 4 are calculated by taking derivatives:

OAPE(xP) — m

(linear model)

OxP Tng—1
3 e D
DAPE(xr) |10 Tf R .
OxP ~ N =1 if p33 < xP < pgg (2-knot spline)
Tt if %P > peg

The discretized model is flat or non-differentiable everywhere, and so does not

have meaningful marginal effects.

4. Table 4 also reports the effect of replacing a randomly-selected medium-motivation

peer with a random low-motivation peer:

APEmedium—)low = E(APE(X1)|XZ < p33) - E(APE(Xl)|p33 <X; < p66) (87)

~ (E(am(xi)|xi < p33) — E(am(x)|ps3 < x; <pes)) ™  (88)

as well as the effect of replacing a random high-motivation peer with a random

low-motivation peer:

APEhigh—iow = E(APE(x;)|x; < p33) — E(APE(x;)[x; > pes) (89)
=~ (E(am<Xi)’XZ‘ < p33) — E(am(Xi)‘XZ‘ > pﬁﬁ)) ™ (90)

where the conditional expectations are estimated by conditional averages.
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Reading score

Math score

(1) (2) 3) (4) (5) (6) (7) (8)
Number of knots 0 1 2 3 0 1 2 3
Peer motivation
< 25th percentile 0.082***  0.079**  0.015 0.000 0.039 0.039  -0.012 -0.026
(0.024) (0.038) (0.046) (0.051) (0.032) (0.042) (0.047) (0.056)
25th-33rd percentile d J d 0.654 1 4 4 0.591
(0.623) (0.648)
33rd-50th percentile 1.031* + 0.769 +
(0.448) (0.515)
50th-66th percentile 0.107 + 0.875 0.040 $ 0.507
(0.230) (0.802) (0.323) (0.817)
66th-75th percentile J -0.249 1 4 -0.224 J
(0.315) (0.434)
> 75th percentile 3 -0.326 4 -0.233
(0.442) (0.550)
Sample size (# students) 2,185 2,185 2,185 2,185 2,196 2,196 2,196 2,196
# clusters 147 147 147 147 148 148 148 148
Model selection:
AIC statistic 5626.07 5628.06 5624.05 5625.58 5663.50 5665.50 5663.83 5665.82
Leave-one-out MSE 0.8933 0.8941 0.8928 0.8936  0.8967 0.8975 0.8964 0.8974
JMA weight 0.3760  0.0000 0.6240 0.0000 0.1336  0.0000  0.8664  0.0000

Table 6: Linear spline estimates of motivation peer effects in Project STAR, with 0 to 3 knots.
Additional control variables include a school/grade fixed effect. Cluster-robust standard errors
in parentheses, * = 0.1, = 0.05,** = 0.01.
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B Additional results

This section reports additional results that are omitted from the main text in the

interest of clarity and space.

B.1 Estimation and inference

The identification results in Section 5 are constructive and suggest simple plug-in
estimators that are easily implemented in standard statistical packages. This section

provides an informal discussion of estimation and inference in this setting.

B.1.1 Estimating peer and group effects

Suppose the researcher has a sample of N observations on (y;,X;,X;) from a large
population that satisfies the model assumptions. Sampling models vary in the applied
literature, so rather than specifying the details of the sampling scheme we simply assume

it satisfies all conditions required for:
VN (¢ -w) & N0,3) (91)

where ¢ = (u, o, 3,7, 8, A) is a vector of previously-defined population means and best
linear predictor coefficients, and tﬁ = (i, &, B, ~, b , 3\) is a consistent and asymptotically
normal estimator of 1. In most applications, the researcher will have a cluster sample
of size N = ngG constructed from data on all ng members of G randomly selected
groups, £ will be the sample average of x;, and (&, [3’, ~, b , 5\) will be the OLS regression
coefficients. In other applications, the researcher may observe data on (y;,x;) for a
random sample of individuals, each of whom can be linked to some aggregate data
source such as census tract characteristics to construct X;.

If peers are randomly assigned, Propositions 4 and 5 show that peer and group
effects correspond to best linear predictor coefficients or linear combinations of those

coefficients, and can therefore be estimated by:

APE, = 21 if (PS, RA) (92)
ng — 1
CPhy = 203 44 pg R (93)
nog — 1
AGE, =4y, if (RA) (94)
C/G\Ekb = Sgb + Sgkb if (RA) (95)
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With stratified random assignment, peer and group effects can be expressed as linear
combinations of best linear predictor coeflicients or as weighted averages of those

coefficients. As a result, they can be estimated by:

—= Bae + Bare .
APE, = Z L if (PS, SA) (96)
CPEw 52”75;’“ it (PS, SA) (97)
g —
—_— K S ~ ~
AGEy =Y 3 i (w§() - w§(@) (oo + Aaws) i (SA)  (98)
k=0 s=1
—_— S ~ ~
CGEw =Y (wS(@) —wS() (Aas +Ases)  if (SA) (99)
s=1

Five of these eight estimators are just linear combinations of OLS coefficients, so
the researcher can apply standard cluster-robust asymptotic inference procedures to
construct standard errors and confidence intervals, or to perform hypothesis tests.
Inference is slightly more complicated for the three estimators that include weights
based on fi, as their asymptotic variance depends on the joint distribution of & and
the regression coefficients. A straightforward general approach is to define 1[) as the

just-identified GMM estimator” for the vector of moment conditions:

X — K
Lol =0 (100)
X (y; — g — Xjo1)
etc.

and 3 as the associated (cluster-robust) GMM variance matrix. Under the usual GMM

regularity conditions:
RN > (101)

The parameter (vector) of interest can then be defined as @ = (1) for some differentiable
function 6(-), and its estimator can be defined as 0= 0(1&) Then 0 has the asymptotic

distribution:

VN (6-6) B N(0,(V6(1)=(V6())) (102)

where V() is the Jacobian matrix of 6(¢), and the asymptotic variance can be

"Note that the GMM estimator here is identical to the OLS estimator; the purpose of applying GMM
here is to estimate the full ¥ matrix including the asymptotic covariance of fi with the regression coefficients
using commonly-available tools.
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estimated:

(VO()B(VO(#)) 5 (VO (%)= (VE(y)) (103)

Similarly, a hypothesis of the form 0(1) = 0 can be tested using the Wald statistic:

N 1 R
Hiow) =0 — o) ((Ve)S(vew) ) ) B (10

where r is the number of restrictions imposed by the null. Each of these steps is standard,
and can be implemented by commonly-available software (e.g., the gmm, nlcom, and
testnl commands in Stata).

Estimators based on sieve or other flexible approximations to the CEF can be
constructed in a similar matter, and their asymptotic properties follow from results in
Hansen (2014).

B.1.2 Estimating reallocation effects

Proposition 7 provides a starting point for estimating reallocation effects by a plug-in
method:

— 0 if (PS, OS)
ARE(GR) = _ (105)
Zszo akCREK(GpR) if (PS, SA) or (singletons, SA)

S K AZw(Gr, 1)CPEi(ng — 1) if (PS, SA)

ATy (Gr) = | 0 crE
Zb:l Azkb(GRv ﬂ)CGEkb if (singletons, SA)

(106)

where:

AZy(Ggr, ) = F (fi’ie (X,Gg(T,G,p))

X
Azkb(Gva)’) = Pr <}_<Z(X7 GR(T7 Gup)) € Si)—( Xj = €k, Z‘Hﬂ d = lj") (108)

Zj;éi Xj . )

X = €, =M

Both AZg¢(Gr, ft) and Az, (Grg, ft) can be calculated by enumeration, or approx-
imated by simulation. The asymptotic properties of the estimators defined in (105)
and (106) depend on the specific reallocation mechanism Gp chosen by the researcher,
and how the resulting value of Az (Grg, t) and/or Az (Gr, ft) depends on fi. For
example, the delta method can be appplied if Az, (Grg, @) is a differentiable function
of fu.
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B.2 Variable group size and post-assignment shocks

To simplify exposition, the main results in this paper are established under the assump-
tion that there are no post-assignment shocks (equation (8)) and that group size is
constant (Assumption 6). This section relaxes those assumptions.

To accommodate post-assignment shocks, let € = (n,v) L T, G, where n € R’ is a
vector of IID individual-level (n); affects individual ¢) shocks with finite support S,, and
v € RY is a vector of IID group-level (v4 affects all individuals in group g) shocks with
finite support S,. For convenience, assume that both S, and S, include zero. Replace

equation (5) with:
Y1 Y1 (T7 Gv 6)
D = : =Y(T,G,e) where € 1L T, G (5)
yr yr (T’ G'v 6)

e
Il
I

and replace equation (8) in Assumption 1 with:

vi(T.G.e) =y (70 (i}, 1) (8)

where €; = (1, v4,). The model in the main text can be interpreted as a special case of
this model in which € is constant (S, =S, = {0}) or does not affect the outcome.

With variable group size, the size of group g is a random variable n, = n(g, G). Let:
fu(n) = Pr(ng, = nln, > 2) (1)

be the probability distribution of group size across individuals, excluding those individu-
als who have no peers, and let S,, = {n € N: f,,(n) > 0} be the associated support. The
model in the main text can be interpreted as a special case in which f,,(n) =1 (n = ng).

Given these modifications to the main model, several definitions can be generalized

accordingly.

Definition 16 (Potential outcomes). Given Assumption 1, individual i’s potential

outcome function is defined as:

yi(p) =y (Tv:, {7i}iep > ez') (15)
where p is any subset of T\ {i}.

Definition 17 (Average peer effect). Given Assumptions 1 and 5, the average peer
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effect in groups of size n € S,, for peers with characteristics xP € Sx is:
APE(xP,n) = E (y;({j}UD) —w({/'} UD)|x; = x",x; = e) (16a’)

where P is a purely random draw of n — 2 peers from I\ {i,j,j'}, and the average peer

effect of peers with characteristics xP is:

APE(xP) = Y APE(X",n)fu(n) (160")

TLESTL

When x; is discrete (DC), the average peer effect from peers of observed type € is:

APEy(n) = APE(ey,n) (17a")
APE;= )" APEy(n)f.(n) (170')
TLESn

where APE(-) is as defined in equation (16a’).

Definition 18 (Conditional peer effect). Given Assumptions 1 and 5, the conditional
peer effect in groups of size n € S,, from peers with characteristics xP € Sx on treated

individuals with characteristics x° € Sy 1s:
CPE(x°,x",n) = E (y; {j}UD) —w ({7} UD)|x = x°,x; =x",x;y = e9) (18d’)

where P is a purely random draw of n — 2 peers from I\ {4, j,7'}, and the conditional
peer effect of peers with characteristics xP on treated individuals with characteristics x°
18:
CPE(x°,x") = Y CPE(x°,x",n)fn(n) (180')
neSy

When x; is discrete (DC), the conditional peer effect is:

CPEy(n) = CPE(eg,esn) (194")
CPEw = Y  CPE(n)fa(n) (190')
nGSn

where CPE(-,-) is as defined in equation (18a’).

The original definitions in the main text are a special case of these definitions:
e Equation (11’) applies with f,,(n) =1 (n =ng) and S,, = {no}.

e Equations (16a’) and (16b") reduce to equation (16).
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e Equations (17a’) and (17') reduce to equation (17).
e Equations (18a’) and (18') reduce to equation (18).
e Equations (19a’) and (19Y') reduce to equation (19).

When group size exhibits nontrivial variation, a researcher can choose to report APE;(n)
for selected values of n or to average across the group size distribution to get APE).
Group effects can also be generalized, with the main complication being the absence

of a natural base group.

Definition 19 (Group effects). Given Assumption 1, the average group effect of a

peer group with characteristics xXP € Sy s:

{Xj}jef) =x"

AGE(x") = E | yi(P) — %i(Q) 5 (22)
x; =¢eg foralljeq
the average group effect of a bin b peer group under the binning scheme z(-) is:
AGE, = F (5(6) — (@ |2 ((5}jep) =2 ((5hip) =e0) (28
and the associated conditional group effects are:
_ o xi=x0{x;} 5 =%
CGE(x®,x") = E | vi(P) — vi(Q) Jep _ (24)
x; =eg foralljeq
} |xi=epz <{Xj}jef)) =g /
CGEw = E | yi(P) — vi(a) (25)
4 ({Xj}j€f)> = €0

where ny, and ng are independent random draws from f, and p and q are independent

random draws of i, — 1 and ng — 1 peers from T\ {i}.

Definition 20 (Peer separability). Given Assumption 1, outcomes are peer-separable
(PS') if the effect of replacing one peer with another does not depend on one’s other

peers:

y(Tia{ } ) 7-7,7{7-377-} y(Th{Tj/’vT/}ve) _y(Ti7{TjaT/}76) (PS/)
for any a,b,b/ € T and 7,7' € M1 such that |T| = |7’|, and for all € € S..

Definition 21 (Own separability). Given Assumption 1, outcomes are own-separable

(OS’) if the effect of replacing one peer group with another does not depend on one’s
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own type:
Y (Tia {T/} 76) —-Y (Tiv {T} ) 6) =Yy (Tz'lv {T/} 76/) -y (Til? {T} ) 6/) (OS/)

for all a,a’ € T, all 7,7 € My and all €,€ € S,.

Note that both sides of equation (PS’) refer to the same treated individual, so both
sides also have the same shocks. In contrast, each side of equation (OS’) refers to a
different treated individual, so each side has different shocks.

Given these modifications, Propositions 9-12 and Lemma 2 show that the results in

the main text generalize in a straightforward manner.

Proposition 9 (Aggregation with variable group size and post-assignment shocks).

Given Assumptions 1-5 and discrete characteristics (DC):

1. Awerage effects are a weighted average of conditional effects:

K
APE(n) = xCPEg(n) (109)
k=0
K
APE; =) pyCPEy (30)
k=0
K
AGEy =Y 1xCGE (31')
k=0

where p, = E(z,) = Pr(x; = ex) as defined earlier.

2. Binned group effects are a weighted average of saturated group effects:

K S
AGEy =Y e (w§(p) — w$(w)) CGE, (33)
k=0 s=1
s
CGEw =3 (wG(m) — wS(w) CGES, (34)
s=1

where CGE,?S is the conditional group effect for bin s of the saturated variable zf,

Syres, MR () x0T (2 (% () = e) 1(z () = &) fallx?] + 1)

( I)
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s a weighting function, and:

K
Mx,n,p)= ———— Hk o U (36")

18 the probability of drawing the value nx from a multinomial distribution with n

trials and categorical probability vector w.

3. Peer effects are a weighted average of saturated group effects:

K S
APE, =Y > e (wli(p) — wh () CGEL, (37)
k=0 s=1
s
CPEy = Z (wi(p) — wiy(p)) CGEL, (38")
s=1

wig(p) =Y M), X, p) L(z® (x" U {e}) = es) fullx"| +2)  (39)

xPEMx
is a weighting function and My is the set of multisets on Sx.

Lemma 2 (Implications of stratified random assignment with variable group size and
post-assignment shocks). Given Assumptions 1-5 and discrete characteristics (DC),

stratified random assignment (SA) implies:

E(yilxi =x°, % =x",ng, =n)=F (yi(f)) x; = x% X ({Xj}jgf,> = Xp) (42')

where P is a purely random draw of (n — 1) peers from T \ {i}.

Proposition 10 (Implications of separability with variable group size and post-as-
signment shocks). Given Assumptions 1-5, let PE : T2 x R? x {2,3,...} — R be
defined:

pln—1]
PE(a,b,e,n) = i (a, {n —3 } ,e) (43')

where b1 s n — 1 copies of b. If outcomes are peer-separable (PS), then for any p of
size |p| > 1:
:ZPE(TZ',Tj,Ei,’p|+1) forallp C T\ {i} (44"
Jjep

Conditional and average peer effects can also be expressed in terms of these pairwise
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latent variables:

CPE(x°,x",n) = E(PE(r;,Tj,€,n)|x; = x°,x; = xP) forallm>2  (45)
— E(PE(7;,7j,€,n)|x; = X°,%; = )
APE(xP,n) = E (PE(7;,7j,€,n)|x; = xP) for alln > 2 (46")
— E(PE(m;,7j,€,n)|x; =€)

for all x°,xP € Sk.

Proposition 11 (Identification of peer effects with variable group size and post-assign-

ment shocks). Given Assumptions 1-5 and discrete characteristics (DC):

1. Simple random assignment (RA) and peer separability (PS) imply that peer effects

are identified from the joint distribution of (ys, Xi, Xi, ng,):

APE;(n) = % for alln €S, \ {0,1} (494")

APE, =Y no‘iffl fu(n) (49Y')
nesy

CPEj(n) = % for alln €S, (50a’)

CPEw =) _ an(n) (500)
nesy

where a’ = (af,al) and B" = (5,87, B, B%) are the vectors of best linear

predictor coefficients:

L{yilxi, %iing) = Y (af + %) (ng, = n) (51)
nesy,

L(yilxi, %i, XiXisng,) = Y (B) +xiB7 + X8y + xiByX) (ng, =n) (52
HGSn

in the sub-population of individuals® with Ng, = N.

2. Stratified random assignment (SA) and peer separability (PS) imply that peer

8That is: a(n) = E(d}d;|n,, = n) " E(d\yi|ny, = n) where d; = (1,%;,%;).
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effects are identified from the joint distribution of (y;, %, Xi, ng,):

K

n + n
APEy(n) = 3 2 e (550
k=0 n
B+ B
APE; =) > =2 fu(n) (530")
nes, k=0 n
CPEj(n) = % (54a’)
neSy,

where (8%, BY,,) are defined as in equation (52').

Proposition 12 (Identification of group effects with variable group size and post-as-

signment shocks). Given Assumptions 1-5 and discrete characteristics (DC):

1. Simple random assignment (RA) implies that binned group effects are identified

from the joint distribution of (y;,X;,%;):

AGE, =y (55)
CGEyp = dop + 031 (56')

where (Y1p, O2p, O3xp) are coefficients from the best linear predictors:

L(yilxi,z:) =70 + zim1 (57"
L(yi\xi, Z;, X;ZZ‘) = (50 + xidl + Zi62 + xidgz; (58’)

i.e., y1p 18 element b of 1, 09y is element b of 82, d3kp is the element in row k and
column b of 63 for all k > 0, and d30, = 0 for all b.

2. Stratified random assignment (SA) implies that saturated group effects are identified

from the joint distribution of (y;, X;, ziS):
CGEg, = Aas + A\3ks (59')
where (A2s, A\3ks) are coefficients from the best linear predictor:
L(yilxi, 27, %i25) = Ao + xid1 + 27 Aa + xiAsz] (60')

e., Aos 1s element s of Ao, Asps 1S the element in row k and column s of As for

all k > 0, and A30s = 0 for all s. Peer effects and binned group effects are also
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identified:

K S
AGE, =YYk (w () — wS(m)) (Aas + Asks) (61')
k=0 s=1
s
CGEw =Y (wi(p) — wS(m)) (has + Aaks) (62)
% s
APE; =Y (wli(p) — why(p)) (as + Asks) (63)
k=0 s=1
s
CPEw =Y (wh(p) —wh(p)) (Aas + Asks) (64)
s=1

where w$(+) and wl)(p) are defined in Proposition 9.

In principle, the group size specific regression coefficients described in Propositions 11
and 12 are identified and can be estimated from data by linear regression. However,
estimating such a model is likely to be impractical in most applications. An obvious

alternative is to impose plausible assumptions on how ' varies with n.

Example 18 (Gender peer effects with variable group size). Table 7 below shows
estimates of gender peer effects that account for variations in group size. Each column
shows a different specification for o™ and reports selected coefficients and average peer
effect estimates for two selected group sizes APFE1(16) and APFE1(20) and averaging

over the distribution of group sizes APFE7.

o Columns (1) and (6) show results for the regression model:
L(yi|%:) = ap + Xiou (110)

as well as average peer effects APE1(16) = 1625, APE1(20) = 55y, and APE; =

a E <ngi1—1) under the assumption (af,af) = (oo, a1). This model assumes

that the effect of peer group composition does not vary with peer group size, and

corresponds to the typical handling of group size variation in the literature.

o Columns (2) and (7) show results for the regression model:
L(yi’ngw (ngi = 1)x;) = apo + Qong; + (ngi - Dxja (111)

and average peer effects APE1(16) = APE,(20) = APE, = ay under the assump-
tion (aff, af) = (ago +aopn, a1 (n—1)). This model assumes that the additive effect

of an individual peer (PE(1;,7j,n)) does not vary with peer group size.
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o Columns (3) and (8) show results for the regression model:

L(yi\ngi, (ngl. — 1)}_{i7ii) = apo + agng, + (ngi — 1)}_(1'01 + X;0 (112)

and average peer effects APE1(16) = a1 + 1527, APE1(20) = a1 + 5527 and

APE| = o1 + auFE (ng.l—l) under the assumption (af, af) = (ago + aon, o (n —

1) + a2). This model nests models (110) and (111).

o Columns (4) and (9) show results for the mostly-unrestricted regression model:

L(yi‘ngwii; n!h‘) = aoo + Qonyg; + Z (Xiay) I (ng, = n) (113)
nESn

16 20
and average peer effects APE1(16) = (515, APE1(20) = 55, and APE =
>ones, 7ogfn(n) under the assumption (of, ) = (oo + agn, af). This model
allows average peer effects to vary arbitrarily with group size, but restricts the

other coefficients for tractability.

o Columns (5) and (10) show results for the unrestricted regression model:

L(yi’ii;ngi) = Z (af + Xia?)ﬂ(ngi =n) (114)
neSy,
and average peer effects APE;(16) = 1056—%_61, APFE;(20) = 20‘0—%_01, and APE =

nes, w1 fn(n)
As the results show, the first three models produce very similar average peer effects either
for representative peer group sizes or when averaging across the group size distribution.
While the unrestricted model produces highly variable estimates for specific group sizes,
averaging across the size distribution produces results similar to those found in the other

specifications.

B.3 More on approximation and functional form

Section 5.5 in the main text develops a sieve-based method for estimating average peer
effects that exploits the dimension-reducing implications of random assignment and
peer separability while allowing for general (continuous) characteristics. This appendix

shows how similar methods can be applied to more complex cases.
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Reading score

Math score

(1) 2 3) (4) ©) (6) (7) (8) 9) (10)
Share male peers —0.342 -0.670 —0.532* 0.011
(0.286) (1.012) (0.226) (0.994)
Share male peers x (# peers) —0.019  0.024 —0.037*  —0.038
(0.019) (0.068) (0.015) (0.066)
Share male peers x (15 peers) -0417  0.211 -0.956"*  -0.163
(0.346)  (0.784) (0.342)  (0.765)
Share male peers x (19 peers) -0.023  -1.996** -0.528 -1.391
(0.434) (0.881) (0.404)  (1.064)
Average peer effects:
APE(16) -0.023 —0.019 -0.021 -0.028  0.014  —0.035** —0.037* —0.037** -0.064"* -0.011
(0.019) (0.019) (0.019) (0.023) (0.052)  (0.015) (0.015) (0.015)  (0.023)  (0.051)
APE(20) -0.018 —0.019 -0.012 -0.001 -0.105 —0.028* —0.037* —0.037*  -0.028 -0.073
(0.015) (0.019) (0.023) (0.023) (0.046)  (0.012) (0.015) (0.020)  (0.021)  (0.056)
APE -0.024 —0.019 -0.024 -0.021 -0.037* —0.038* —0.037"* —0.037** —0.032* -0.039**
(0.020) (0.019) (0.020) (0.020) (0.019)  (0.016) (0.015) (0.016)  (0.017)  (0.017)
Additional control variables:
School/grade fixed effect Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
Own gender Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
# peers No No Linear Linear Dummy No No Linear Linear  Dummy
Sample size (# students) 2,185 2185 2,185 2,185 2,185 2,196 2,196 2,196 2,196 2,196
# clusters 147 147 147 147 147 148 148 148 148 148

Table 7: Gender peer effects in Project STAR, by size of peer group. Cluster-robust standard
errors in parentheses, * = 0.1, = 0.05,* = 0.01.

B.3.1 Sieve models for conditional peer effects

The dimension-reducing implications of separability and random assignment can also

be exploited to estimate conditional peer effects. Proposition 13 below extends the sieve

estimator to this case.

Proposition 13 (Sieve model for conditional peer effects). Given Assumptions 1-6

and peer separability (PS), suppose that:

h(x°,xP) = E(PE;j |x; = x°,x; =x) = by, (x°, %)y

(115)

for some known function h,, : R* — R™ and unknown parameter vector ¢, =

E (i (xi, %7) hn (%3, %))

¢ = E(h}h;)

~'E(hly;)

_ 1
where h; = m Z hom (%4, %)

o8

B (o (i, 35 h(xi,%7))

1. Let:

JEP:

(116)



Then simple random assignment (RA) implies:

xi, (% jep, ) = D hxisx;) ~ B (117)

JEP;

CPE(x°,xP) = h(x°,xP) — h(x°,0) = (

E (yi

B (%2, %P) — hy, (x2,0)
ng — 1

Jo s

where the approximation errors in (117) and (118) are proportional to the approxzimation
error in (115).

B.3.2 Sieve models for group effects

Sieve methods can also be used to estimate group effects, providing a practical alternative
to saturated models. The dimension reduction implied by equation (75) is no longer
available in the absence of peer separability, so the unrestricted conditional expectation
function must be directly approximated. Proposition 14 below describes sieve estimators,

but other standard nonparametric regression methods can be used.

Proposition 14 (Sieve model for group effects). Given Assumptions 1-6, let:

a(xP)=FE (yi

h(x°,xP)=F (yz

(X} iep, = xp) 2 (XP )T, (119)

xi = X, {3} cp, =X ) & b (5.5 o (120)

for known functions ay, : Sgxy — R™ and hp, @ (Sx X Sgxy) — R™ and unknown vectors:

m=E (am <{Xj}jef))/am <{Xj}j€f>>>_1E (am (‘{Xj}ﬂ’@)/a ({Xj}jef’))
bm =E (hm (Xiv {Xj}jeﬁ)/ fim (X"’ {Xf}j6f>>> _IE <hm <Xi’ {Xj}j@)/ h (Xi’ {Xj}jd’))

Then random assignment (RA) implies:

AGE(xP) = a(xP) — a({eg,...,€e0}) (121)
~ (am(xP) —am({eo, ..., e0}))m™m
CGE(x°,xP) = h(x°,xP) — h(x°,{eq,...,e}) (122)

~ (hp (X2, %P) — hp (%, {€0, ..., €0}))Om

where the approximation errors in (121) and (122) are proportional to the approximation

errors in (119) and (120) respectively.

As in Section 5.5, the sieve framework can be used to interpret ad-hoc functional
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form assumptions, or it can be used in combination with data-driven model selection

and averaging to produce a flexible model that is nonparametric in the limit.
Example 19 (Average group effects for peer gender). Figure 3 below shows estimates
of average group effects for share of male classmates. The specifications include:

o The linear model from columns (1) and (5) of Table 1:
az ({xj}jepi> = [ L x; } (123)
e Linear splines with 1, 2, and 3 knots (the linear model is a zero-knot spline).
aers (D5} ip) = [ 1 % (% — knot)I (% > knota) ... | (124)
e The 3-bin model from columns (8) and (7) of Table 1.
as <{Xj}jepi) = [ 1 I(x; <043) I(%; > 0.57) ] (125)

e The jackknife model average (JMA) of the four linear spline models.

The first panel in Table 8 shows model selection and weighting statistics for each
specification. The 1-knot spline is the preferred model for the reading score by both AIC
and cross-validation. In comparison to the linear model, the more flexible models imply
a low marginal effect of boys when girls are in the majority, and a stronger negative
effect when boys are in the majority. In contrast, the linear model is the preferred model
for math, and makes similar predictions to those from richer models. The second panel

in Table § is discussed in Example 20 below.

B.3.3 Sieve models for reallocation effects

In the absence of separability, conditional group effect estimates from a saturated
model are required to recover many reallocation effects of interest. Unfortunately,
estimating such richly parameterized models is rarely practical with limited data. Sieve

approximations can provide a practical middle ground in this setting.

Example 20 (Sieve models of conditional group effects and reallocation effects). The
second panel in Table 8§ shows model selection and weighting statistics for conditional

group effects models of the form:
hom (xi,{xj}jepi) - [ am ({xj}jepi) Xiim ({xj}jepi) } (126)
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Reading score Math score

o
!

AIC = 5667.51
AIC = 5611.68

AIC = 5666.21

AGE(boys) - AGE(0.5), SD units
L ; b
AGE(boys) - AGE(0.5), SD units
[

~
n

AIC =5611.19

2 4 6 8 1 2 4 6 8 1
Share male peers Share male peers

Figure 3: Average group effects for classmate gender relative to an evenly-mixed classroom,
ie., AGE(x) — AGE(0.5). Specifications include 3-bin model (red) and linear spline with
zero to three knots (blue). Jackknife model average of splines is depicted by thick black line.

Reading score Math score
(1) () 3) (4) () (6) (7) (8) 9) (10)
Model type spline/  spline  spline spline  binned spline/  spline spline  spline  binned
linear linear
# knots/bins 0 1 2 3 3 0 1 2 3 3
AGE model selection:
Model order (m) 2 3 4 5 3 2 3 4 5 3
AIC statistic 5612.00 5611.19 5612.98 5615.15 5611.68 5664.38 5666.21 5667.97 5669.67 5667.51
Leave-one-out MSE  0.8890  0.8885 0.8893  0.8903 0.8889  0.8976 0.8984 0.8993 0.9001  0.8987
JMA weight 0.3702  0.6298  0.0000  0.0000 0.9180  0.0820  0.0000  0.0000
CGE model selection:
Model order (m) 4 6 8 10 6 4 6 8 10 6
AIC statistic 5605.97 5605.97 5609.56 5613.78 5604.45 5658.83 5661.73 5665.87 5668.04 5661.00
Leave-one-out MSE ~ 0.8864 0.8864 0.8881 0.8901 0.8859 0.8974 0.8986 0.9006 0.9014  0.8978
JMA weight 0.5945  0.4055  0.0000  0.0000 1.0000  0.0000  0.0000  0.0000

Table 8: Model selection/weights for sieve estimates of group effects for classmate gender.
See Examples 19 and 20 for model definitions and additional background.
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for each an, () model described in Example 19. Results are similar to those for Exam-
ple 19. JMA weights put roughly equal weight on the linear and one-knot splines for
reading, and all weight on the linear spline for math.

Table 9 shows reallocation effect estimates based on the JMA estimates. For reading,
the JMA estimates imply a somewhat larger benefit from making classrooms more
gender-balanced than is implied by the separable model estimates in Table 3. For math,
the JMA estimates are identical to the separable model estimates since the data-driven

JMA weights put all weight on the linear model.

Reading score Math score

Reallocation AT AZy1  CRE, CRE, ARE CRE, CRE, ARE
JMA of splines:

Evenly-divided  0.033 —0.033 —0.002 0.038* 0.018 —0.009  0.024*** 0.008

6/10 divided 0.000  0.000 —0.002 —0.007* —0.004  0.000 0.000  0.000

Random 0.000  0.000  0.000 0.000  0.000  0.000 0.000  0.000

60/40 random  —0.020  0.020  0.003 —0.018 —0.007  0.006 —0.015"** —0.005

Single-gender ~ —0.500  0.500  0.100 -0.332* —-0.116  0.139 —-0.367"** —0.114

Table 9: Reallocation effects for classmate gender in Project STAR using jackknife model
average (JMA) of linear spline models. JMA weights are reported in the second panel of
Table 8. Reallocation effects for simple random assignment are reported for comparison and
are always zero. Cluster-robust p-values: * = 0.1,* = 0.05, " = 0.01.

C Proofs

This section provides proofs for all propositions in the main text and appendices.

Proof for Proposition 1

The conditions for Proposition 9 are met, so its results apply.
e (30) is a restatement of (30") in Proposition 9.

e (31) is a restatement of (31').
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e (32) follows directly from the definitions:

ARE(Gr) = E(y:(p(i, Gr(X, p))) - y:(P)) (definition of ARE)

1= 11

E (yi(p(i, Gr(X, p))) — vi(P)| xi = ey) Pr(x; = e;)

uxCRE(GR) (definition of p and CRFE)

=
Il

0

e (33) is a restatement of (33').
e (34) is a restatement of (34').
(

e (35) simplifies to (35) since Assumption 6 implies that |xP| = ng — 1 and f,,(|x?| +
1) =1 for all x” € Sy, That is:

o T, MR, L) Ful(] 4 DL (25 (0) = ) L (a(x?) = )
W) = T e MG, [ ) Fa (7] + DI (2() = )
(by (35")
s, MEGP),m0 — 1)1 (a5(x) = e.) L (a(x?) = e1)
T Y, MGE)ne — L (a0 = o)

(by substitution)

which is result (35).
e (36) is a restatement of (36").

(
e (37) is a restatement of (37).
e (38) is a restatement of (38').
(

e (39') simplifies to (39) since Assumption 6 implies that |xP| = ng — 2 and f,,(|xP| +
2) =1 for all xP € Mx.

Proof for Proposition 2

By construction, {x;} is a function of (T_;, G) where T_; be the sub-matrix of T

JEP;
that excludes row i. Assumption 3 implies that 7; is independent of T_; and assumption

(RA) implies that 7; is independent of G. Therefore c; is independent of {x;} as

JEP:

well as any function of {x;} including x; or z;.

JEP:
Results (40) and (41) are standard implications in regressions with uncorrelated
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explanatory variables. Let L(y;|c;, X;) = (o + ¢;1 + X;¢2. Then:

L(yi|x;) = L(¢op + ¢i¢1 + %i€2|Xi) (law of iterated projections)
= (o + L(ci|%i)¢1 + XiCa
= (o + E(ci)C1 + XiC2 (RA = L(c¢|%;) = E(c;))
L(yi|c;) = L(¢o + ci€1 + XiC2lc;) (law of iterated projections)
= (o + ciC1 + L(Xilc;) (2
= (o + ¢iC1 + E(%)(2 (RA = L(xilc;) = E(x;))
L(yilei, %) = Go + €i€1 + Xi(2 (definition)
= Co + (L(yilei) — Co — E(%i)C2) + (L(wil%i) — Co — E(c;)C1)
(substitution)

= L(yile;) + L(yilxi) + —(Co + E(ci)C1 + E(X:)C2)

(constant)

which is result (40). Substituting z; for X; in the argument above yields result (41).

Proof for Lemma 1

The conditions for Lemma 2 are met, so its results apply. Result (42) follows from result

(42') in Lemma 2, where n = ny.

Proof for Proposition 3

1. The conditions for Proposition 10 are met, so its results apply.
43
44
45
46

. is a restatement of (43).
follows from (44") where PE;; = PE(7;, 75,0, no).
follows from (45") where CPE(x°,xP) = CPE(x°,xP,ng).

follows from (46’) where APE(x?) = CPE(xP,ng).

(
(
(
(

— ~— ~— ~—

2. For any 1, J:

OF; + PE; = (PE(;,1,0,n0) + ¢) + (PE(1,7;,0,n0) — PE(1,1,0,n0) — c)
= (PE(7,1,0,n9) + ¢) + (PE(7;,74,0,n0) — PE(7,1,0,n0) — ¢)
(by OS)
= PE(m;,714,0,n0)
— PE, (127)
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Then for any i:

> OE;+ PE; =Y PE; jtagby(127) (128)
JjEp Jjep
= yi(p) (by (44))

which is the result in (47). To get the result in (48):

APE(x?) = B(PEylx; = x”) — B(PEylx; = o) (by (46))
— E(OE, + PE;|x; = x*) — E(OFE; + PE;|x; = ey) (by (127))
= E(PEj|x; =x") — E(PEj|x; = eg) + E (OEj[x; = x") — E(OEj|x; = eo)
= E(PEj|x; =x") — E(PEj|x; = ey) + E(OE;) — E(OE;)
(by (10) = OFE; L x;)
= E(PEj|x; = x") — E(PEj|x; = e)
CPE(x®,x") = E(PEijj|x; = x°,x; = x’) — E(PEjj|x; = x°,x; = eo) (by (45))
= FE(OE; + PEj|x; =x°,x; =x) — E(OE; + PEj|x; = x°,x; = €9)
(by (127))
= E(PEj|x; =x°,x; =x") — E(PEj|x; =x°,x; =€) (129)
+ E(OE;|x; =x°,x; =x) — E(OE;| x; = x°,x; = )
= FE(PEj|x; =x) — E(PEj|x; = ey) + E(OFE;|x; = x°) — E(OE;| x; = x°)
(by (10) = (x;,OF;) L (x;, PEj))
= E(PEj|x; = x”) — E(PEj|x; = eo)
— APE(x?)

which is the result in (48).

Proof for Proposition 4

The conditions for Proposition 11 are met, so its results apply.

e (49) and (51) follow from (49b') and (51’) in Proposition 11 where S,, = {no} and
fn(no) =1.

e (50) and (52) follow from (50b') and (52') in Proposition 11 where S,, = {no} and
fn(no) = 1.

e (53) and (54) follow from (53b") and (54b") in Proposition 11, where S,, = {n¢}
and f,(ng) =1, and (52") simplifies to (52).

65



Proof for Proposition 5

The conditions for Proposition 12 are met, so its results apply.

e (55) and (57) are restatements of (55") and (57’) in Proposition 12.
e (56) and (58) are restatements of (56’) and (58') in Proposition 12.
e (61) and (62) are restatements of (61’) and (62") in Proposition 12, where (35')
simplifies to (35) and (60) is a restatement of (60).
e (63) and (64) are restatements of (63') and (64") in Proposition 12, where (39')
simplifies to (39) and (60) is a restatement of (60).

Proof for Proposition 6

1. Let G be a purely random group assignment and let p; = p(4, G) Since Y (-)
satisfies (PS) and G satisfies (RA), Part 1 of Proposition 4 applies to the joint
distribution of counterfactual outcomes (Y (G),X,X(X,G)). Since G satisfies
(SA), Lemma 1 applies to the joint distribution of actual outcomes (Y, X, X). Let
the vector of best linear predictor coefficients ¢ be defined as in equation (157) of

the proof for Proposition 11. Then:

E(yilxi = x,%; = X) = E(y:(Di)|x: = x,X:(P:) = X) (by (42) in Lemma 1)

= Co(no — 1) + x¢1(no — 1) + x¢a(np — 1) 4+ x¢3(ng — 1)%’
(by (160) in the proof for Proposition 11)
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Applying the law of iterated projections:

L(yi|xi, %i, Xi%;) = L(E(yi|xi, %)%, X3, X,%;)  (law of iterated projections)
Co(no — 1) +x;C1(no — 1) o,
== _ _/ Xi7Xi7Xixi
+ XiC2(no — 1) + xi¢3(no — 1)X]
(result above)
= CO(”O — 1) + XZ‘C1(7’LO — 1) (130)
+%C2(no — 1) + x:¢3(no — 1)x;
L(yilxi, Xi, x;%i, 2:) = L(E(yilxi, %) |[xi, Xi, X;%i, 24)
(law of iterated projections)
Co(no — 1) +xiC1(no — 1) Xi, X
+%iC2(no — 1) + xi¢3(no — 1)X;| XiX;, %

(result above)

= Co(no — 1) +x;¢1(no — 1) (131)
+ XiCa(no — 1) + x;C3(no — 1)X;]
= L(yi|Xi,ii,X;ii) (by (130) and (131))

which is result (65).

2. The assumptions here (PS, OS, SA) imply that all results in Propositions 3 and 5
apply. Therefore:

APE; = CPEy for all k (by (48) in Proposition 3)

_ Bac+ Bawe

(by (54) in Proposition 5)
ng— 1

which can only be true if 3, = B30¢ = 0 for all k, £.

Proof for Proposition 7

For convenience, let ¥ = y;(p(i, Gg)), xF = x(p(i, Gg)), and zF

Il
N
»

1. Since Gp, satisfies (SA), Lemma 1 applies:
Eylx; = x,xF =%) = E(y;()|xi = x,%;(p) =%)  (by (42) in Lemma 1)

Pick any b > 0. By assumption, S% = {ib} is a singleton, and the events XZR =xb
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and ZZR = ep are identical. Therefore:

E(:UZR’Xi = ey, Z@R =ep) = E(yZ-R|Xi =e;,X; = )_(b) (identical events)
= E(yi(p)|x: = ex, %i(p) = X") (by Lemma 1)
= E(yi(p)|xi = ek, z(P) = e) (identical events)
= E(yi(P)|x; = ek, z(P) = e9) + CGEp, (132)

Summing over all values of z:

B
E(yf'|xi = ex) = ZE(yzR\Xz‘ = ey, 2zt = e) Pr(zf = ey|x; = €;)

i
o

R

E(yl'[xi = ex, 2" = &) Pr(z]' = eylx; = ex)

Il
M=

o
I
—

(since Pr(x2 € S2) = 0)

(B(yi(B)|xi = ex, z(P) = eo) + CGEyp) Pr(zl = ey|x; = ey)

Il
M=

b=1
(by (132))
B
= E(yi(P)|xi = ex,z(P) = eg) | Y Pr(zf" = eylxi = ex)
b=1
1
B
+ Z CGEy Pr(zﬁ = ep|x; = ex)
b=1
B
= E(yi(p)|x; = e, z(P) = eo) + Z CGEy PI‘(Z%2 = ep|x; = ey)
b=1
(133)
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Similarly:
B

E(yi(P)|xi = ex) = Y _ E(ui(P)Ixi = ex, z(B) = ep) Pr(z(p) = ep|x; = ey,)
b=0

B
=" Eyi(D)x: = er,z(p) = &) Pr(z(p) = ey)
(since p L x;)

= E(yi(P)|xi = ey, z(P) = eo) Pr(z(p) = eo)
B
+ > BEi(p)xi = ex, z(P) = e) Pr(z(p) = e)
= E(yi(D)[xi = ey, 2(P) = eo) Pr(z(P) = eo)

B
+ > (E(yi(B)|xi = ex, 2(B) = o) + CGEy) Pr(a(p) = e)

b=1
(by (132))
B
= E(ui(p)x: = ex,2(P) =€) | D _Pr(z(p) = e)
b=0
., 1
+ ) CGEy Pr(z(p) = e)
b=1 B
= E(yi(p)xi = ex, 2(P) = e0) + Y  CGEy, Pr(z(p) = e)
b=1
(134)
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Combining these results yields:

CRE(Gr) = E(yi(p(i, Gr)) — vi(P)|xi = e) (definition of CRE)
= E(Z/z‘R|X1: =er) — E(y:(P)|xi = ex)

B
= (E(yl(f))bcz =ey,z(p) =ep) + Z CGEyy Pr(z" = ey)x; = ek))
b=1

B
- (E(yz‘(f))|xi = e;,z(P) =eg) + > CGEwPr(z(p) = eb)>
b=1
(by (133) and (134))

B
- Z CGEy (Pr(zl = eyx; = e;) — Pr(z(p) = e))
b=1

B
= Z Azkb(GR)CGEkb
b=1

which is result (68). Result (67) follows by substituting (68) into result (32) of

Proposition 1.
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2. Given (PS), part 1 of Proposition 3 applies:

E(yf'|X,Gr) = E(yi(p(i, Gr))|X, Gg) (definition)
=F ( Z PE;;| X, GR) (by Proposition 3)
j€p(i7éR)

X,Gr)1(j € p(i,Gr))

— ZE <PEij
i

_ ZE <PE(7—1.77-j’n0) ‘X, GR> | <j € p(i,GR)>
JFi

=Y E(PE(7i,7j,m0) | X)1 (j € p(i, GR))
J#i )
(SA:> Tis Tj JLGR’X)

= > E(PE(ni,75,m0) Ixi, %) 1 (j € p(i, Gn))
i
(Assumption 3 = 7, x; L 7;,x; for i # j)
= (G0 +xi¢1 +x;C2 + xi¢3x]) I (j € p(i, GR))
J#i
(where ¢ is defined as in (157))
= Co(n() — 1) + x;(1 (TL(] — 1) + }ZﬁCQ(no — 1) + XiC3(n0 — 1))??/
(135)

Averaging over values of x:

E(yE|x; = x) = E(E(F|X, Gg)|x; = x) (Law of iterated expectations)
= F Go(no = 1) +xi61(no — 1) Axi=x (by (135))
+ iﬁC2(n0 — 1) + XZ'C3(77,0 — 1)}25%
= Co(no —1) +x¢1(no — 1) (136)
+ B(xx; = x)C2(no — 1) + x¢3(no — 1) E(xLx; = x)/
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This result also applies when G is purely random, so:

E(yi(P)|xi = x) = Co(no — 1) + x¢1(no — 1) + E(X(P)[x; = x)¢2(no — 1)
+x¢3(no — 1) E(Xi(P)[x; = x)’
(by (136))
= Co(no — 1) +x¢1(no — 1) + E(X;(P))¢2(no — 1)
+x¢3(no — 1) E(x;(p))’
(RA = x;(p) L x;)
= Co(no — 1) +xC1(no — 1) + pu¢2(no — 1) + x¢3(no — 1)p/
(137)

Combining these results:

CREk(GR) = E(le - yz(f’)|xz = ek)

Co(no — 1) + exli(no — 1) + E(XL[x; = ep)¢a(no — 1)
+e,Cs(no — 1) E(XT|x; = ;)

[ So(no = 1) + exCi(no — 1) + pCa(no — 1)
+ ep¢3(no — 1)y’
(by (136) and (137))
= (BE(xF|xi = e) — p) Ca(no — 1) + eCs(no — 1) (E(xL|x; = ef) — p)’

K

=(no—1) Z (B(zf|xi = ex) — ) (Coe + Cowe)

(=1

M=

= (no — 1) Ai‘kg(GR)CPEM

(=1

which is result (71). Result (70) follows by applying the law of total probability to
(71).

. Given (PS, OS), Part 2 of Proposition 3 applies. By equation (48) in Proposition 3,
CPEy = APE; and so result (74) follows from (71) by substitution. Result

(73) follows from the fact that individual and peer characteristics have the same
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expected value in any reallocation:

K K
> AT(Gr)me =Y (B@fxi = ex) — 1) 1
k=0 k=0
K
= ZE(E‘;}‘XZ‘ =ep) Pr(x; =
k=0
= E(z}}) - BE(zx)
=0
Therefore:
K K
ARE(GR) = (77,0 - 1) Z Z,u,kA(fkg(GR)CPEM
k=0 ¢=1
K K
= (no — 1) Z Z ATy (GRr)APE,
k=0 (=1
K K
= (no - 1 ZAPE@ZA:B]C@ GR
(=1 k=0
=0 by (138)
=0

which is result (73).

Proof for Proposition 8

Proof. Let the approximation error in (76) be:

U (xP) = a(xP) — am (xP)7 = 0

(definition of AZ)

K
E(zy Z Pr(x
=0

(definition of )
(law of total probability)
(138)

(by (70))

(by (48) in Proposition 3)

(139)

Assumptions 1-6 and peer separability are given, so part (1) of Proposition 3 applies.

Therefore:

(pi) = Z PE;;

JEPi

73
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Taking expectations:

E (yz {Xj}jepi) =E (; PEij {xj}m)
-y jEZaEijyxj) (RA = 7,75 L 75)
- ]i a(x;) (by (76))
- ]i am (X7) 7 + ; Um (X;) (by (139))
- ](nZ— a7 + ip;m(xj) (140)
jeps

By construction:

L(vm(xi)|am(xi)) = L(a(Xi) = am (X)) 7| am(x;))
= (X)T — am(x;)7

=0 (141)
Applying the law of iterated projections:

L (yila;) = L (E (yz

{X)}jep, ) ) ‘_li)

=L ((no —1)a;® + Z Um (%) az-) (by (78))
JEP;

= (ng — a7 + ; L (vm(x;)| @)

= (no — Da;w o

which implies that:

™= (no—1)7 (142)
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By part (1) of Proposition 3:

APE(XP) =F (PEZ‘J"X]‘ = Xp) —F (PEZ'j|Xj = eo) (by (46))
= a(x”) — a(eo) (by definition of a(-))
= an(XP)7 — am(eo)T™ + v (xP) — v (eo) (by (139))
~ <am<><’; L alm<e°>) . (by (142))

which is result (79) in the proposition, with approximation error the same order of

magnitude as the approximation error in (76) in the sense that:

sup | (xP)| < B = sup |vm(xP) —un(eg)| < 2B (143)
xPESx XPESx
for any finite constant B > 0. O

Proof for Proposition 9

1. Let p be a random draw of n — 2 peers from Z \ {i}. Then:

APEy(n) = E (v;({j} UD) —ui({j'} U f))‘ X; = €4, Xj =€) (definition)
i . ~ . - |Xi =€,
=> E|v({itup) —u({i'} Ud) Pr(x; = ex|x; = e, X/ =€)
k=0 Xj; = €p,Xj = €
= = Iy s | X = €k,
=>"E|u({i}up) —w({j/}up) Pr(x; = )
k=0 Xj =€y,Xjy =€

(Assumption 3 = x; L Xj7xj’)
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which is result (109). Then:

APE, = Z APEy(n) fn(n) (definition)

TLGSTL

K
=y ( CPEM(n)> fa(n) (by (109))

nes, \k=

K
=> Y CPEw(n) fu(n)

k=1neS,

K
= Z CPEy (definition of CPE}, )
k=1

which is result (30).

Similarly, let 72 be a purely random draw from f,, let p be a purely random draw
of n — 1 peers from 7 \ {i} and let z(p) =z ({xj}j€p> Then:

AGEy = E (yi(P) |z () = e) — E (y:(P) |z (B) = eo) (definition)
K
= > E(ui(p) xi = e,z (D) = &) Pr(xi = e[z (P) = )
K
— > E(%i(D) xi = ex,z(p) = e9) Pr(x; = e 2 (B) = eo)

k
B EK: E (y;(P) |xi = ex,z(P) =€)
=0 \ — £ (vi(P) |xi = ex,z(P) =ep)
(Assumption 3 = x; L {x;},;,P)

Pr(x; = ey)

which is result (31').

. Let 1 be a random draw from f,, and let p be a random draw of 7 — 1 peers from
Z\{i}. By discrete characteristics (DC), {x;},.5 is the result of 7 —1 independent
draws from a categorical distribution with probability vector w. So its probability

distribution can be derived from the multinomial distribution:

Pr({x;}jep = ¥7| it = %] 4+ 1) = M(R(), %7, o)

Pr({xj}jep = X7) = MX(), (%], ) fulIxF] 1) (144)
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where the function M(+) is defined in (36").
Let z(p) =z <{Xj}j€p)7 let z°(p) = z° ()2 ({xj}jep>>, and let:

wi (1) = Pr(z°(p) = es|z(p) = e)
_ Pr(z°(p) = esNz(p) = ep)
Pr(z(p) = ep)
pres{x} Pr ({Xj}jef) = xp> I(z%(xP) = ;) I (z(xP) = ep)

ZXPES{X} Pr ({Xj}jef: = xp) I(z(xP) = eyp)

| S, ME6). [0, 1) fullx] + DI (25(2) = e) L(a(x) = ey)
Y e MO, ] 1) Fu (3] + DI (a(7) — )

(by (144))

which is equation (35').
For any (k,b):

N
o X
T
] x>
o
v
1
w
L]
ey
RS
<
o)

Il
e
RS
<
Co]

+
[M]
&
&
=

@
Il
-

I
=
~
<
S

+
NE
=
<
=

©
Il
-

1
e
RS
<
Gl
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Substituting result (145) into the definition of CGE}y, produces:

5 X; = €, - X; = €,
CGEw=E [w()| _ —E|v)| _
z(P) = e z(P) = eo

(definition of CGExy)

X; = €, 5
= Elu®)| )+ COELPr(2°(5) = . |u(B) = @)
z (p) =€ s=1
X; = €, 5
N E(w®)| )+ D CGEL Pz (B) = esla(B) = en)
z (p) =€ s=1
(by (145))
. 1(z°(p) = eslz(p) = e)
=Y CGEy,
; "\ Pr(z%(p) = eul2(p) = e)
5
= Z CGEY, (wﬁ,(u) - wﬁ)(u)) (definition of w§(-) above)
s=1

which is result (34’). Result (33) follows by substitution of (34’) into (31').

. Let nn be a random draw from f,, let p be a random draw of 7 — 1 peers from Z \
{i,j'}, and let @ be a random draw of i — 2 peers. By discrete characteristics (DC),
{x;},cq is the result of 7 — 2 independent draws from a categorical distribution
with probability vector p. So its probability distribution can be derived from the

multinomial distribution. Since q is independent of x; and x;:

X; = eg,
Pr | {x;}. .o =xP R {Xj}.cq =%xP (146)
JJjea Jjeq

X =€y
= Z Pr <{Xj}je€1 = xp‘ n= n) Pr(n =n)
nESn
(law of total probability)

=Pr({x}jeq = xp’ = x| +2) Pr(i = x| + 2)

=M (x(x"), x|, ) fu(|x"] +2) (147)

Rearranging the definition of CGE:

ki ;= e
E |y (D) =FE |y () +CGEy,  (148)
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For any xP € M, let:

X; = €k,
AR =E |y ({7} Va) |x; = ey,
{Xj}jeq =xF
X; = €,
=FE v (P) (equivalent events)
{Xj}jef, =x"U{es}
X = €,
=F |y (D) (equivalent events)
z° <{Xj}j€f>> = 2% (x" U {er})
S X = €, S
S Elu®| " 1@ uted =e)
s=1 z (p> =€

_.|Xi = €,

Il
Nt
//
eS|
~
<
D

) + C’GEks) I (zs(xp U{es}) = es)

P) =eo
(by (148))

X; =€ 5
B)[ . _ o ) + Z CGEy,l (zs(xp U{es}) =e;) (149)
p

s=1
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For any £, let:

(law of total probability)

= Z E (y ({/}ua) |x; =ey, ) Pr ({xj}jefl = xp> (by (146))

B (B X; = €k,
B Z (y (P) z°(p) eo)

Pr <{Xj}j6q = Xp)

xPeMx S
+ Z CGEyl (ZS(Xp U{es}) = es)
s=1 _
(by (149))
=F |y (p =k Pr({x;} .=xP
(y (P) ZS(f)) _ eo) Xp;x <{ J}]eq )
S

+ Z CGE); Z I (zs(xp U{e}) = es) Pr <{Xj}jeél = xp)

s=1 xPEMx

(by (147))

s=1

Xi = €, S P
5 + Z CGERswy(p) (150)
B) =
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Then by the definition of CPFEyy:

CPEw =E (v ({j}va) —v ({i/} Ua)|xi = er, x; = e;,xj = €g) (definition)
By (U@ xi = e, xj = )
—E(yi {7tV a)|xi = ep,x; = ep)

=FE (yz (P)

- Z CGEkS 56 5)(“’))

X; = €, s
; >+§kmmwﬂm (by (150))

S(ﬁ) =€ s=1

X; = €, 5 P
55 ~ > CGEswy(p)

p) = € s=1

which is result (38'). Result (37") follows by substitution of (38') into (30").

Proof for Proposition 10

Let a,b € T be unobserved types, let e € R? be unobserved post-assignment shocks, let
n > 2 be a positive integer, and let al/! represent j copies of a. Using unobserved type 1

as an arbitrary reference type, peer separability implies:

y (% {b[nfu} ,e> —y (a7 {b{nfu} 7e> I « y (a, {bu—u? 1[n—j1} 7(3) _y (% {17 pli—1l, 1[n—j—1]} ,e)
j=1
n—1
_ [n—1] ] 1ln—5-1] _ [i-1] 1[n—j-1]
o (o {1 )+ S (o ) o )
n—1
_ [n—1] [n—2] [n—1]
o (o {11 0) o (o ot ) o e {0

(by PS)

o) -0 o ) o o1.0)

Rearranging this result:

O R R e

n—1

= PE(a,b,e,n) — PE(a,1,e,n) (151)
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Let B € 7" ! be a vector of unobserved types, let Bj be element j of B and let Bj.
be a multiset containing the elements j through k of B (Bj.; = () for j < k). Then:

y(a,{Bin-1},€) =y (a,{Bin-1},€) + nz_:ly (a, {Blzj_l, 1["_j]} ,e) —y (a, {Blzj_l, 1["_j]} ,e)
j=1
0o} 0 o (B .0) o 179
{1 1).0)+ 5 o ) - o (150
(by PS)
=y (a, {1[”_1]} ,e) +§PE(G’ Bj,e,n) — PE(a,1,e,n)
(by (151))
= ["_”} e)—nilPE(alen)—i—nZ_:lPE(a Bj,e,n)
y<a,{1 ; 2 s Le, 2 » Bj, e,
= nz_:lPE(a, Bj,e,n) (152)
j=1
Let p be a peer group of any size. Then result (152) implies:
5i(P) =y (70 {75} jep 1)
= Z PE(7;,7j, €, |p| +1)
jep
which is result (44").
Next, note that (7, 7;) L 7 by equation (10) and €; L 7j so:
(PE(i,7j,€i,m), %, %5) L x50 (153)
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Let @ be a random draw of n — 2 peers from Z \ {7, j}, and let:
CPE(x°,xP,)n)=F (yl({j} uQq) — yi({j’} U d)‘ x; =x%,x; =x x5 = eo)

PE(Ti,Tj,EZ',TL)-i- E PE(TZ‘,TJ'H,Q,?”L) Xi:XO,
j//eq

- PE(TivTj’yeian) + Z PE(Ti,Tj//,EZ‘,n) Xjr = €

j//eq
(by (44'))
=F (PE(TivTjaeianNXi — XOan — Xpaxj’ - eO)
- F (PE(Ti, i, ei,n)‘ x; =x%,x; =x x5 = 90)
=F (PE(Ti7Tj’6i7n)| X = X07Xj = va) (by (153))
- F (PE(Ti,Tj/,ei,n)‘ X; = xo,xj/ = eQ)
=F (PE(Ti,Tj,ei,n” X; = XO,Xj = Xp)
— E(PE(mi,T1j,€,n)|x; =x°,%x; =€)
which is result (45'), and:
APE(xP,n) = E (y:({7} V@) —vi({j'} U@)|x; = x,x; = )
PE(7;,7j,€,n) + Z PE(r;,Tjn, €,n)
J"e€d xj =x",
=F
Xj/ =€
_ PE(Ti,Tj/’GL',n) + Z PE<7_i77_j”7€i7n)
j//eq
(by (44'))
=F (PE(Ti,Tj, €,n)|x; =xP x5 = eo)
-FE (PE(TiaTjUﬁian)‘ x; =x", xj = eo)
= E(PE(t;,7j,€,n)| x5 = xP) (by (153))

- F (PE<Ti77_j’7€i;n)‘Xj’ = eo)
= E(PE(Ti’Tj’ei’nﬂXj = Xp) _E(PE(Ti7Tj7€i7n)|Xj = eO)

which is result (46).
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Proof for Lemma 2

Let G € G be a random group assignment that satisfies (SA). Choose any Xo € RI*K
and Go € G! such that g? = (i, p(i,Go)) is a vector of length n. For any matrix M

and vector v, let M[v] be the submatrix constructed from rows v in matrix M. Then:

B[ L) =B (v (e ) G = Go)
=F <y (Ti, {Tj}jEp(i,Go) ,61) é = G’O)
(conditioning rule)
=5 (y (Ti,{Tj}jEPiGO) ) ) (by SA)
= Z Z 1], To[2 : n],€4)
CT™ eacSe XPI“( [ 4]:T0,€Z’:€A’X=X0)
= Z Z o[l], To[2 : n],e4) Pr(e; = €4)
ToET™ ea€Se

H Pr (T[g?[]] = Tolj] [X[g![j]] = Xo[e?[/]])

(since e L (15,%;) L (75,%;) for all i # j)

Z Z 1], To[2: n],ea) Pr(e; = €a)
TS fT<To[ I (x(Tolj]) = Xolg?lj]])
i >orer fo(T)I (x(1) = Xo[gl[4]])

= ((xi(Xo),%i(Xo, Go),n) (154)

Note that the last step in equation (154) makes use of the fact that (X;,ng,) fully
jep;» and that the ¢()
function depends on the type distribution f;(-) but not on the probability distribution
of G other than through the (SA) condition.

Since a purely random group assignment and the true group assignment G both

describes the frequency distribution of peer characteristics {x;}
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satisfy (SA), their conditional expectation functions are both given by (154).

E(yi|x; = x°,%; =%, ng, = n) = E(E(yi|X, G)|x; = x°,X; = %P, ng, =n)
(law of iterated expectations)
= E(E(yi<p(i7 G))‘Xa G)‘Xl =x%%; = vangi =n)
= BE(C(xi(X),%i(X, G),ng, ) |x; = x°,%; = X", ng, = n)
(by (154))
= ((x?,x",n) (155)
E(yi(P)|xi = x°,%:(p) = x) = E(E(yi(p)|X, G)|xi = x°,%:(p) = x”)
(law of iterated expectations)
= E(C(xi(X),%(X, P), n)[xi = x% %;(p) = x")
(by (154))
= ((x%x",n) (156)

Therefore they are equal, which is result (42).
Proof for Proposition 11
1. By (PS), Part 1 of Proposition 10 applies. Let ¢" = ({J, €T, €5, ¢5) satisfy:
E(PE(ri, ), €i,n)|x; = ey, X; = e) = ( +exCT + ey + exCiey (157)

The linear functional form in (157) is without loss of generality since x is categorical.

The parameter of interest C'PEys(n) can be expressed as a function of ¢™:

— E(PE(Ti,Tj, ei,n)\xi =e,X; = eO)
(by (45) in Proposition 10)

= (¢ +erll + el + exle)) (by (157))
— (¢ + erdi + eols + exllep)
= (G0 + exli + el + erCiey) (since eg = 0)

— (¢g +erdr)
= /(5 + exl3e)

= (30 + Cire (158)
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The next step is to show the relationship between the coefficients in ¢ and the

coefficients in 3:

=E | ) PE(7i,7,€,n4)| X, G

JEP;i
(PS = (44) in Proposition 3)
I 1
=F ZZPE(Ti,Tj,ei,n)H (Jepi)l(ng =n)| X, G
j=1n=1

(where I (+) is the indicator function)

-

I
:Zﬂ(nfh :n)

E(PE(TZ', T}y €is n)]X, G)]I (] S pi)
1

i
—_
<
Il

(since p; is a function of G)

I
= Z]I(ngi =n) Z E(PE(7;, 1, €,n)|X,G)

n=1 JED;
I
= I(ng =n) Y  E(PE(r;,7j,€,n)X)
n=1 JEP:
(since RA, (5') = (T,e,X) L (G,p;))
I
= ZH (ngz‘ = n) Z E(PE(TivTja €is n)‘Xi,Xj)
n=1 JEPi
(since (10), (') = (75, 7j,€) L {Tj’}jlg{id})
I
=Y L(ng, =n) Y (G +xiCf + %65 + xiyx]) (by (157))
n=1 JEP:
= ngi (ngi -1+ Xidlgi (ngi -1)+ iicggi (ngi -1)+ Xicggi (ngi - 1)5(;

(159)
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Applying the law of iterated expectations to this result:

E(yilxi = x,%; = X,ng, =n) = E(E(y;| X, G)|x; = X,X; = X,ng, =n)

(law of iterated expectations)

e . T . X =X,
CO o (ngi - 1) + Xicl ” (ngi - 1) _ _
=F e e | X=X
+ iiCZ 9i (ngi — 1) + Xic3gz (ngi — 1)5(1'
ng, =1
(by (159))
= (g (n—1) +x¢f(n— 1) + x5 (n — 1) +x¢5 (n — )X’
(160)

Applying the law of iterated projections to this result:
L(yilxi, % xiXj5 1) = LB (yilxi, Xi, ng, )[Xi, Xi, XiXj5 1)

(law of iterated projections)

ngi (ng, —1) + XiC?gi (ng, — 1) _ _,
=1L g, g | XX, XiXg5n
+ XiCQ ' (ngi - 1) + Xng ’ (ngz‘ - 1)xi

(by (160))
= n—1)+x (' (n—1)+%, ¢ (n — 1) +x; ¢ (n — 1) x;
By BT By By
(161)
So B% = ¢4 (n—1), B =¢5(n—1) and:
CPEg(n) = (5 + Care (by (158))
_ e Dl (by (161))

n—1

which is result (50a’). Result (508") follows by substituting (50a’) into the definition
of CPE}y in equation (190').
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To get result (49a’), first note that:

E(PE(TZ', Tj, €, n)|xj = X) = E(E(PE(TZ', Tj, €, n)\xi,xj)\xj = X)
(law of iterated expectations)
= E(¢y + xiCT + x;¢5 + xi¢3x)|x; = x) (by (157))
= (0 + E(xilxj = x)¢1" +x¢3 + E(xilx; = x)¢5x’
(conditioning rule)
= (0 + B(xi)¢T + %65 + B(xi) (3%’
(since (10) = x; L x;)

= (0 + E(x) ¢1' +x (¢ + ¢G5/ B(xj)) (162)
Equation (46") from Proposition 10 implies:

APE)(n) = E(PE(1;,7j,€i,n)|x; =€) — E(PE(7;, 7, €;,n)|x; = €p)

(PS B (46’ ) in Proposition 10)
= (((§ + E(a)CT) + e (65 + GVE(X)))) (by (162))
— (& + Exi)¢T) + €0 (65 + G E(x)))
(G + BT + e (¢5 + G E(x))))
— (¢ + B(x:)¢T))
= e (5 + ¢V E(x))) (163)

(since ey = 0)

Having expressed L(y;|X;;n) in terms of the the coefficients in a”, it can also be
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expressed in terms of the coefficients in ¢":

L(yi|%i;n) = L(L(yi|x;, X, XiXi3n)| X5 1) (law of iterated projections)
I %iim (by (161))
+ )ZZCEL(TL — 1) + chg(n — l)i;
= ¢y (n —1) 4+ L(x[x;)¢1' (n — 1)
+%:¢3 (n — 1) + L(x:¢5 (n — 1)%;[%;)
(property of linear projection)
=y (n—1)+ E(x;)¢'(n—1) (RA = x; L x;)
+ %65 (n — 1) + B(x;)¢3 (n — 1)x;
= (n— 1)+ B(x)¢(n — 1) +%; (¢ (n — 1) + ¢ E(x}) (n — 1))

(164)
So & = (¢§(n — 1) + ¢ E(x})(n — 1)) and:
APE(n) = e, (¢§ + ¢ E(x))) (by (163))
= e (by (164))
oy
S n-—1

which is the result in (49a). Result (49Y') can be derived by substituting (49a’)
into the definition of APEy in equation (17V)

2. Let G be a purely random group assignment whose group size distribution is
fn and let p; = p(i, G). Since outcomes are peer-separable (PS) and G satisfies
(RA), Part 1 of Proposition 11 applies to the counterfactual outcomes. Therefore,

the counterfactual CEF is linear as shown in equation (161):

x; = X7, x; = X°,
E | yi(pi) |x(Pi) =%, | =L | (D) |X(Pi) =%, ;n (by (161))
|pil =n—1 x;%(p;) = x'x
= By +x°B +xPBy +x°Byx" (165)

where X(p) = x ({xj}j€p> and B" = (62,87, By, BY) is the best linear predictor
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coefficients from the counterfactual regression. Proposition 11 also implies that:

By, + Bl

CPEM(TL) = n—1

(by (50a’) in Proposition 11)

Since G satisfies (SA), Lemma 2 applies. Therefore, the actual CEF is the same
as the counterfactual CEF, and the same applies to the best linear predictor.
Therefore, 8" = 8" and:

B3 + Bike

CPEp(n) = = —

(since 3 = )

which is result (54a’). Result (53a’) follows from substitution of result (54a’) into
result (109) of Proposition 9. Results (530') and (54b') follow by applying (53a’)
and (54a’) to the definitions of APE, and CPE}y respectively.

Proof for Proposition 12

1. By (RA), the actual peer group p; is a purely random draw from the same
distribution as p, so the joint distribution of (yi(f)), X, {X;} jef)) is identical to

the joint distribution of (yi(pi),xi, {xj}jem)‘ Letting z(p) = z ({xj}jep), this
implies:

= e, 2(q) = eo) (by (25))

(since p L q)

—E (yi(a)|x; = ex,z(q) = eo
= E(yi(pi)|xi = ek, z(p;) =€) (RA = same joint distribution)
—E (yi(pi)|xi = ek, z(pi) = eo)

= E(yilxi = ex,z; = ) — E(yi|x; = ey, z; = eo) (166)

Since x; and z; are categorical, E(y;|x;,2;) is trivially linear in (x;,2;,X}z;).
Therefore:

E(yilxi, 2:) = L(yilxi, 2, X;2;)

=g + x;01 + 2,00 + xidgzg (by (58/))
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Combining these two results produces:

CGEw = E(yi|xi = er,2z; = ep) — E(yi|xi = ey, 2; = eg) (by (166))
= (50 + erd1 + €02 + ek63e§,) — (50 + e,y + epdy + ek5386)

(result above)
= (50 + er01 + epds + ekégeg) — (50 + ekél) (since ey = 0)
=epdy + ekégeﬁ,

= 0op + O3k

which is result (56"). Result (55') can be established by similar reasoning:

AGEy = E(yi(P)|2(P) = e, 2(qQ) = eo) (by (23'))
—E(yi(q)|z(P) = es,2(q) = o)
= E(yi(p)|z(P) = ) — E(yi(q)[z(Q) = eo) (since p L q)
= E(yi(pi)|z(pi:) = ep) (RA = same joint distribution)
—E(yi(pi)|z(pi) = eo)
= E(yilzi = ey) — E(yilz; = eo) (167)

Since z; is categorical, E(y;|z;) is trivially linear in z;. Therefore:
E(yilzi) = L(yilzi) = 70 + zim (168)

Combining these two results:

AGEy = E(yi|zi = ey) — E(yi|zi = eo) (by (167))
= (70 +epy1) — (Y0 +eov1) (by (168))
= ey (since ey = 0)
= T1b

which is result (55).

2. Let G be a purely random group assignhment whose group size distribution is
fn and let p; = p(i,G). Let A = (X, A1, A2, A3) be the best linear predictor

coefficients from the counterfactual regression model:

L(yi(Po)|xs, 2% (Bi), 2% (Ps)) = Ao + xi A1 + 25 (Bi) Ag + x, A3z (B;) (169)
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where z° (p) = z° ()2 ({Xj}j€p>>' Since G satisfies (RA), Part 1 of this proposi-

tion applies to the counterfactual outcomes:
CGE}, = Xas + Aais (by (166))
The counterfactual CEF is linear since z°(+) is saturated:

E(yi(Pi)[xi = x,%(Ps) = %) = L(y(Bi) %, 2° (Pi), xz° (b)) (170)
= o + xA1 4 27 (%) A2 + xX32° (X)/ (171)

Since G satisfies (SA), Lemma 1 applies, which implies that:

E(yilx; = x,%; = X) = E(yi(P:;)|xi = x,X(P;) =%)  (by (42) in Lemma 1)
= 5\0 + X5\1 + ZS()_()S\Q + XS\gZS()_(), (172)

and X = \. Therefore:
CGEy, = Mg + A3ks (since A = X)

which is result (59’). Results (61'), (62'), (63"), and (64) then follow by substitution
of result (59’) into (33), (34'), (37'), and (38') in Proposition 9.

Proof for Proposition 13

Let the approximation error in (115) be:

Vm(x%,%P) = h(x%,xP) — hpp(x°,xP) (173)

Assumptions 1-6 and peer separability are given, so part (1) of Proposition 3 applies.

Therefore:

yi = yi(pi) = Z PE;; (by (44) in Proposition 3)
JEPi
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Taking expectations:

E (yl xi?{xj}jepi) =K Z PE@] Xi?{xj}jel:)i
JEP:

= ZE(PEU’XMX]’) (RA:> Tiy Tj JLTj/)
JEP:

=Y h(xi,x;) (by (115))
JEP;

=D hn(xi %)+ D vm(xi, %)) (by (173))
JEP; JEPi

= (0 — Dhid+ 3 v (x5, %) (174)

JEP;

By construction:

L (%4, %) [P (%3, %)) = L(h(Xi, X5) = B (%4, %) | P (4, %))
= hm(Xiaxj)(,5 - hm(xiaxj)é
-0 (175)

Applying the law of iterated projections:

L (yz|l_11) =L (E (yZ X, {Xj}jEpi>‘ fli>

=L | (no— Dhig+ > vm(xi,x;)| by (by (117))
JEPi
= (no — Dh;o
which implies that:
b= (o~ 1) (176)
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By result (1) in Proposition 3:

CPE(x°,xP) = E (PE;j|x; = x°,x; = xP) (by (45) in Proposition 3)
—F (PEZ]|XZ = XO,Xj = eo)
= h(x° xP) — h(x°,eg) (by (115))

~ hm(xov Xp)& - hm(Xov eﬁ)é + Um(xo? Xp) - ’Um(XO, eO) (by (173))
~ (hm(x07xp) — hm(xo’e0)> b (by (176))

no—l

which is result (118) in the proposition, with approximation error the same order of

magnitude as the approximation error in (115)

Proof for Proposition 14

Let the approximation error in (119) and (120) be:

v(xP)

v(x?, xP)

a(xP) — ap, (xP)m (177)
h(x%,%P) — hp(x°%,xP) (178)

Let p be a purely random draw of ng — 1 peers from Z \ {i}. By (RA), p; is a random

draw from the same distribution, so (yi, X, {X;} ij-) has the same joint distribution
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as (yi(f)), Xi, {Xj}jef)). The result follows by substitution:

AGE() = E (1(5)
- F (yz‘(f)) ’{Xj}jef) ={eo,- -, eO})

{xj}jep = Xp) (definition)

—E (y X} ep, = xp) (same joint distribution)
- E (y (%} jep, = f€0, - ,e0}>
=a(x”) —a({eo,...,e0}) (by (119))
= (XP) 7 — am ({0, .., €0}) T+ 0(x") — v ({eo, ..., e0}) (by (177))
~ (am (") = an ({eo... . eo})) (by (119))
CGE(x°,xP) = E (yi(f)) xi = X% {Xj},c5 = xp) (definition)
— B (3i(B) [xi = %", {x;} ;5 = {0 - e0} )
-y (y xi = %% {Xj}cp, = xp) (same joint distribution)
— B (i [xi = X%, X5} jep, = {00, 00} )
= h(x°,%") — h (x°, {eq, ..., e0}) (by (120))
= hy (x°,%7) ¢ — I (x%, {e0, ..., €0}) @ + v(x°,x") — v (x% {eq, ..., €0})
(by (178))
X (hm (x%,x7) = him (x°, {e0, ... ,€0})) @ (by (120))

which are results (121) and (122).
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